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Abstract: This paper is the continuation of the work started in [12]. The present paper
is devoted to the study of ideals of neutrosophic rings. Neutrosophic quotient rings are also

studied.

Key Words: Neutrosophic ring, neutrosophic ideal, pseudo neutrosophic ideal, neutro-

sophic quotient ring.

AMS(2010): 03B60, 12E05, 97H40

§1. Introduction

The concept of neutrosophic rings was introduced by Vasantha Kandasamy and Florentin
Smarandache in [1] where neutrosophic polynomial rings, neutrosophic matrix rings, neutro-
sophic direct product rings, neutrosophic integral domains, neutrosophic unique factorization
domains, neutrosophic division rings, neutrosophic integral quaternions, neutrosophic rings of
real quarternions, neutrosophic group rings and neutrosophic semigroup rings were studied. In
[12], Agboola et al further studied neutrosophic rings. The structure of neutrosophic polynomial
rings was presented. It was shown that division algorithm is generally not true for neutrosophic
polynomial rings and it was also shown that a neutrosophic polynomial ring (R|JI) [z] can-
not be an Integral Domain even if R is an Integral Domain. Also in [12], it was shown that
(RUI) [z] cannot be a unique factorization domain even if R is a unique factorization domain
and it was also shown that every non-zero neutrosophic principal ideal in a neutrosophic poly-
nomial ring is not a neutrosophic prime ideal. The present paper is however devoted to the

study of ideals of neutrosophic rings and neutrosophic quotient rings are also studied.

82. Preliminaries and Results

For details about neutrosophy and neutrosophic rings, the reader should see [1] and [12].

Definition 2.1 Let (R,+,-) be any ring. The set
<RUI> = {a+bl :a,be R}

is called a neutrosophic ring generated by R and I under the operations of R, where I is the

neutrosophic element and I*> = 1.

1Received March 14, 2012. Accepted June 2, 2012.
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If (RUI) = (Z,UI) with n < oo, then o((Z, UI)) =n? Such a (R|JI) is said to be a
commutative neutrosophic ring with unity if rs = sr for all r,s € (R|JI) and 1 € (R|J I).

Definition 2.2 Let (R\JI) be a neutrosophic ring. A proper subset P of (R\JI) is said to be
a neutrosophic subring of (R\JI) if P = (SUnI), where S is a subring of R and n an integer,
P is said to be generated by S and nl under the operations of R.

Definition 2.3 Let (R|JI) be a neutrosophic ring and let P be a proper subset of (R\JI)

which is just a ring. Then P is called a subring.

Definition 2.4 Let T be a non-empty set together with two binary operations + and -. T is

said to be a pseudo neutrosophic ring if the following conditions hold:

(1) T contains elements of the form a + bI, where a and b are real numbers and b # 0 for
at least one value;

(2) (T,+) is an abelian group;

(3) (T,-) is a semigroup;

D) Vz,y,z €T, x(y+2) =zy + 22z and (y + 2)x = yz + 2.

Definition 2.5 Let (R I) be any neutrosophic ring. A non-empty subset P of (R\JI) is said
to be a neutrosophic ideal of (R|\JI) if the following conditions hold:

(1) P is a neutrosophic subring of (RUI);
(2) for everyp € P andr € (R\JI), rp € P and pr € P.

If only rp € P, we call P a left neutrosophic ideal and if only pr € P, we call P a right
neutrosophic ideal. When (R\JI) is commutative, there is no distinction between rp and pr

and therefore P is called a left and right neutrosophic ideal or simply a neutrosophic ideal of

(RUI).

Definition 2.6 Let (R|JI) be a neutrosophic ring and let P be a pseudo neutrosophic subring
of (RUI). P is said to be a pseudo neutrosophic ideal of (R\JI) if Vp € P and r € (RUI),
rp,pr € P.

Example 2.7 Let (Z U I) be a neutrosophic ring of integers and let P = (nZ U I for a positive
integer n. Then P is a neutrosophic ideal of (Z U I).

x
Example 2.8 Let (RJI) = Yl z,y,2 € (RUI) p be the neutrosophic ring of 2 x 2
0 =z
x
matrices and let P = V1. x,y € (RUI) p. Then P is a neutrosophic ideal of (Z U I).
0 0

Theorem 2.9 Let (Z,UI) be a neutrosophic ring of integers modulo p, where p is a prime

number. Then:

(1) (2, UI) has no neutrosophic ideals and
(2) (2, UI) has only one pseudo neutrosophic ideal of order p.
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Proposition 2.10 Let P, J and Q be neutrosophic ideals (resp. pseudo neutrosophic ideals)
of a neutrosophic ring (R UI). Then

(1) P+ J is a neutrosophic ideal (resp. pseudo neutrosophic ideal) of (R UI);
(2) PJ is a neutrosophic ideal (resp. pseudo neutrosophic ideal) of (R UI);
(3) PN J is a neutrosophic ideal (resp. pseudo neutrosophic ideal) of (R UI);
4) P(JQ) = (PJ)Q;

(5) P(J+Q)=PJ+ PQ;

6) (J+Q)P=JP+QP.

Proof The proof is the same as in the classical ring. O

Proposition 2.11 Let (R UI) be a neutrosophic ring and let P be a subset of (RUI)t. Then

P is a neutrosophic ideal (resp. pseudo neutrosophic ideal) iff the following conditions hold:

(1) P #90;
(2) a,be P=a—-be P;
(3)ae P,re (RUI)= ra,ar € P.

Proof the proof is the same as in the classical ring. O

Proposition 2.12 Let (R UI) be any neutrosophic ring. Then (R UI) and < 0 > are neutro-
sophic ideals of (RUI).

Proposition 2.13 Let (RUI) be a neutrosophic ring with unity (no unit in (RUI) since
I71 does not exist in (RUI)) and let P be a neutrosophic ideal of (RUI). If 1 € P then
P=(RUI).

Proposition 2.14 Let (R U I) be a neutrosophic ring with unity (no unit in (R UI) since I~}
does not exist in (RUI)) and let P be a pseudo neutrosophic ideal of (RUI). If 1 € P then
P#(RUI).

Proof Suppose that P is a pseudo neutrosophic ideal of the neutrosophic ring (R U I) with
unity and suppose that 1 € P. Let r be an arbitrary element of (R U I). Then by the definition
of P, r.1 = r should be an element of P but since P is not a neutrosophic subring of (R U I),
there exist some elements b = x + yI with z,y # 0 in (R U I) which cannot be found in P.
Hence P # (RUI). O

Proposition 2.15 Let (RUI) be a neutrosophic ring and let a = x + yI be a fized element of
(RUI). Suppose that P = {ra:r € (RUI)} is a subset of (RUI).

(1) If z,y # 0, then P is a left neutrosophic ideal of (R UT);
(2) If x =0, then P is a left pseudo neutrosophic ideal of (R UI).

Proof (1) is clear. For (2), if = 0 then each element of P is of the form s/ for some
s € R. Hence P = {0, sI} which is a left pseudo neutrosophic ideal of (R U I). O



4 Agboola A.A.A., Adeleke E.O. and Akinleye S.A.

Theorem 2.16 Fuvery ideal of a neutrosophic ring (R UI) is either neutrosophic or pseudo

neutrosophic.

Proof Suppose that P is any ideal of (R UI). If P # (0) or P # (R U I), then there exists
a subring S of R such that for a positive integer n, P =< SUnl >. Let p€ Pandr € (RUI).
By definition of P, rp,pr € P and the elements rp and pr are clearly of the form a + bl with
at least b # 0. O

Definition 2.17 Let (R UI) be a neutrosophic ring.

(1) If P is a neutrosophic ideal of (RUI) generated by an element r = a4+ bl € (RUI)
with a,b # 0, then P is called a neutrosophic principal ideal of (R UI), denoted by (r).

(2) If P is a pseudo neutrosophic ideal of (R U I) generated by an element r = al € (RUI)
with a # 0, then P is called a pseudo neutrosophic principal ideal of (R UI), denoted by (r).

Proposition 2.18 Let (R U I) be a neutrosophic ring and let r = a+bl € (R UI) with a,b # 0.

(1) (r) is the smallest neutrosophic ideal of (R UI) containing r;
(2) Every pseudo neutrosophic ideal of (R UI) is contained in some neutrosophic ideal of
(RUI).

Proposition 2.19 Every pseudo neutrosophic ideal of (Z U I) is principal.

Definition 2.20 Let (RUI) be a neutrosophic ring and let P be a neutrosophic ideal (resp.
pseudo neutrosophic ideal) of (RUT).

(1) P is said to be mazimal if for any neutrosophic ideal (resp. pseudo neutrosophic ideal)
J of (RUI) such that P C J we have either J =M or J = (RUI).

(2) P is said to be a prime ideal if for any two neutrosophic ideals (resp. pseudo neutro-
sophic ideals) J and Q of (RUI) such that JQ C P we have either J C P or Q C P.

Proposition 2.21 Let (RUI) be a commutative neutrosophic ring with unity and let P be a
neutrosophic ideal (resp. pseudo neutrosophic ideal) of (RUI). Then P is prime iff xy € P
with  and y in (RUI) implies that either x € P ory € P.

Example 2.22 In (Z UI) the neutrosophic ring of integers:

(1) (nI) where n is a positive integer is a pseudo netrosophic principal ideal.
(2) (I) is the only maximal pseudo neutrosophic ideal.

(3) (0) is the only prime neutrosophic ideal (resp. prime pseudo neutrosophic ideal).

Definition 2.23 Let (RUI) be a commutative neutrosophic ring and let © = a + bl be an
element of (RUI) with a,b € R.

(1) If a,b # 0 and there exists a positive integer n such that ™ = 0 then x is called a
strong neutrosophic nilpotent element of (RUT).
(2) If a = 0,b # 0 and there exists a positive integer n such that ™ = 0 then x is called a

weak neutrosophic nilpotent element of (RUT).
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(3) If b = 0 and there exists a positive integer n such that ™ = 0 then x is called an

ordinary nilpotent element of (RUI).

Example 2.24 In the neutrosophic ring (Z; U I) of integers modulo 4, 0 and 2 are ordinary
nilpotent elements, 27 is a weak neutrosophic nilpotent element and 2 + 27 is a strong neutro-

sophic nilpotent element.

Proposition 2.25 Let (RUI) be a commutative neutrosophic ring.

(1) The set of all strong neutrosophic nilpotent elements of (RUI) is not a neutrosophic
ideal.

(2) The set of all weak neutrosophic nilpotent elements of (RUI) is not a neutrosophic
ideal.

(3) The set of all nilpotent (ordinary, strong and weak neutrosophic) elements of the com-

mutative neutrosophic ring (R U I) is a neutrosophic ideal of (RUT).

Definition 2.26 Let (RU I) be a neutrosophic ring and let P be a neutrosophic ideal of (R UI).
Let (RUI) /P be a set defined by

(RUI)/P={r+P:re(RUI)}.
If addition and multiplication in (RUI) /P are defined by

(r+P)+(s+P)=(r+s)+ P,
(r+P)(s+P)=(rs)+ P,r,pe (RUI),

it can be shown that (RUI) /P is a neutrosophic ring called the neutrosophic quotient ring with
P as an additive identity.

Definition 2.27 Let (RU I) be a neutrosophic ring and let P be a subset of (RUI).

(1) If P is a neutrosophic ideal of (RUI) and (RUI) /P is just a ring, then (RUI) /P
is called a false neutrosophic quotient ring;

(2) If P is a pseudo neutrosophic ideal of (RUI) and (RUI) /P is a neutrosophic ring,
then (RUT) /P is called a pseudo neutrosophic quotient ring;

(3) If P is a pseudo neutrosophic ideal of (RUI) and (RUI) /P is just a ring, then
(RUI) /P is called a false pseudo neutrosophic quotient ring.

Example 2.28 Let < ZgUI >=1{0,1,2,3,4,5,1,21,31,41,51,1+ 1,1 4+21,1+31,1+4I,1+
51,24+ 1,2+21,2+31,2+41,2+51,3+1,34+21,3+31,3+41,3+51,4+1,4+21,4+431,4+
41,4+ 51,5+ 1,54+21,5+ 31,5+ 41,5+ 51} be a neutrosophic ring of integers modulo 6.

()1t P={0,2,1,21,31,41,5I,2+1,2+21,2+31,2+41,2+51},then P is a neutrosophic
ideal of < ZgUI > but < Z¢UI > /P={P,1+ P,3+ P, 4+ P,5+ P} is just a ring and thus
< Z¢U I > /P is a false neutrosophic quotient ring.

(2) If P ={0,2I,41}, then P is a pseudo neutrosophic ideal of < Z5UI > and the quotient

ring
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<ZsUl>/P={P1+P2+P3+P4+P5+PI+P(1+0)+P2+1)+P3+1I)+
P,(44+ 1)+ P,(5+4+ I)+ P} is a pseudo neutrosophic quotient ring.

(3) If P = {0,1,2I,31,41,5I}, then P is a pseudo neutrosophic ideal and the quotient
ring. < Z¢UI > /P ={P,1+ P,2+ P,3+ P,4+ P,5+ P} is a false pseudo neutrosophic

quotient ring.

Definition 2.29 Let (RUI) and (SUI) be any two neutrosophic rings. The mapping ¢ :
(RUI) — (SUI) is called a neutrosophic ring homomorphism if the following conditions hold:

(1) ¢ is a ring homomorphism;

(2) o(I) = 1.

If in addition ¢ is both 1 — 1 and onto, then ¢ is called a neutrosophic isomorphism and
we write (RUT) =2 (SUT).

The set {x € (RUI) : p(x) = 0} is called the kernel of ¢ and is denoted by Kerg.

Theorem 2.30 Let ¢ : (RUI) — (SUI) be a neutrosophic ring homomorphism and let
K = Ker¢ be the kernel of ¢. Then:

(1) K is always a subring of (RUI);
(2) K cannot be a neutrosophic subring of (RUI);
(3) K cannot be an ideal of (RUI).

Example 2.31 Let (£ U I) be a neutrosophic ring of integers and let P = 5ZUI. Tt is clear that
P is a neutrosophic ideal of (Z U I) and the neutrosophic quotient ring (Z U I) /P is obtained
as

(ZUI)/P = {P1+P2+P3+PA+PI+P2[+P3[+PA4l+P,
(14+1)+P,(1+2I)+P,(1+3I)+P,(1+4I) + P,(2+1I) + P,
2420+ P,(2+31)+ P,(2+41)+ P,(3+ 1)+ P,(3+ 2I) + P,
(34+31)+ P,(3+4I)+ P,(A+ 1)+ P,(4+2I) + P,(4+ 3I) + P, (4 + 4I) + P}.

The following can easily be deduced from the example:

(1) (ZUI) /P is neither a field nor an integral domain.

(2) (ZU 1) /P and the neutrosophic ring < Z5 UI > of integers modulo 5 are structurally
the same but then

(3) The mapping ¢ : (ZUI) — (ZUI) /P defined by ¢(z) =+ P for all x € (ZUI) is
not a neutrosophic ring homomorphism and consequently (ZUT) ¥ (ZUI) /P #< Z5U I >.

These deductions are recorded in the next proposition.

Proposition 2.32 Let (ZUI) be a neutrosophic ring of integers and let P = (nZ U I) where

n s a positive integer. Then:

(1) (ZUI) /P is a neutrosophic ring;
(2) (ZUI) /P is neither a field nor an integral domain even if n is a prime number;
(3) (ZUD) /P 3 (Z,UT),
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Theorem 2.33 If P is a pseudo neutrosophic ideal of the neutrosophic ring (Z, U I) of integers
modulo n, then
(Z,Ul)/P=2Z,.

Proof Let P =1{0,1,21,3I,---,(n—3)I,(n—2)I,(n—1)I}. It is clear that P is a pseudo
neutrosophic ideal of (Z, UTI) and (Z, UI) /P is a false neutrosophic quotient ring given by

(Z,UI)/JP={P14+P2+P3+P,- (n—3)+P,(n-2)+P,(n—1)+P}=Z, O

Proposition 2.34 Let ¢: (RUI) — (SUI) be a neutrosophic ring homomorphism.

(1) The set ({RUI)) ={o(r) : 7 € (RUI)} is a neutrosophic subring of (SUI);

(2) (=) = —¢(r) Vre(RUI);

(3) If 0 is the zero of (RUI), then ¢(0) is the zero of p((RUI));

(4) If P is a neutrosophic ideal (resp. pseudo meutrosophic ideal) of (RUI), then ¢(P) is
a neutrosophic ideal (resp. pseudo neutrosophic ideal) of (SUI);

(5) If J is a meutrosophic ideal (resp. pseudo neutrosophic ideal) of (SUI), then ¢=1(J)
is a neutrosophic ideal (resp. pseudo neutrosophic ideal) of (RUI);

(6) If (RUI) has unity 1 and ¢(1) # 0 in (S UI), then ¢(1) is the unity p((RUI));

(7) If (RUI) is commutative, then ¢({(RU I)) is commutative.

Proof The proof is the same as in the classical ring. O
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Abstract: A Smarandache system (3;R) is such a mathematical system that has at least
one Smarandachely denied rule in R, i.e., there is a rule in (X;R) that behaves in at least
two different ways within the same set ¥, i.e., validated and invalided, or only invalided but
in multiple distinct ways. For such systems, the linear equation systems without solutions,
i.e., non-solvable linear equation systems are the most simple one. We characterize such non-
solvable linear equation systems with their homeomorphisms, particularly, the non-solvable
linear equation systems with 2 or 3 variables by combinatorics. It is very interesting that
every planar graph with each edge a straight segment is homologous to such a non-solvable

linear equation with 2 variables.

Key Words: Smarandachely denied axiom, Smarandache system, non-solvable linear equa-

tions, V-solution, A-solution.

AMS(2010): 15A06, 68R10

§1. Introduction

Finding the exact solution of equation system is a main but a difficult objective unless the
case of linear equations in classical mathematics. Contrary to this fact, what is about the
non-solvable case? In fact, such an equation system is nothing but a contradictory system,
and characterized only by non-solvable equations for conclusion. But our world is overlap and
hybrid. The number of non-solvable equations is more than that of the solvable. The main
purpose of this paper is to characterize the behavior of such linear equation systems.

Let R™, R™ be Euclidean spaces with dimensional m, n > 1 and T : R" x R™ — R" be
a C*, 1 < k < oo function such that T'(To,7,) = 0 for Ty € R", 3, € R™ and the m x m matrix
T /9y (To,7,) is non-singular, i.e.,

oTI .
det(a—yi) ‘@0%) #0, wherel <i,7 <m.
Then the implicit function theorem ([1]) implies that there exist opened neighborhoods V- C R"
of Zo, W C R™ of 3, and a C* function ¢ : V' — W such that

T (@, ¢(x)) = 0.

Thus there always exists solutions for the equation T'(Z, (y)) = 0 if T is C¥, 1 < k < co. Now
let Ty, T, , Ty, m > 1 be different C* functions R” x R™ — R™ for an integer k > 1. An

1Received March 6, 2012. Accepted June 5, 2012.
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equation system discussed in this paper is with the form following

T(7.5) =0, 1<i<m. (Eq)

for some integers i, 1 <14 <m, and a A-solution of (Eq) if
111'(507 yO) = 6

for all integers 1 < ig < m. Denoted by S? the solutions of equation T;(%,7) = 0 for integers

m m

1 <i<m. Then |J S? and ) S? are respectively the V-solutions and A-solutions of equations
i=1 i=1

(Eq). By definition, we are easily knowing that the A-solution is nothing but the same as the

classical solution.

Definition 1.1 The V-solvable, A-solvable and non-solvable spaces of equations (Eq) are re-
spectively defined by

OS?, ﬁS? and GS?—ﬁS?.
i=1 i=1 i=1 i=1

Now we construct a finite graph G[Eq] of equations (Eq) following:
V(G[Eq]) = {vill <i<m},
E(G[Eq]) = {(vi,v;)|3(Z0, 7o) = Ti(To,To) = 0N T;(To,7) =0, 1 <4,5 < m}.
Such a graph G[Eq] can be also represented by a vertex-edge labeled graph G*[Eq] following:
V(GH[Eq]) = {871 <i <m},
E(G[Eq]) = {(57,SY) labeled with S? (S7|SP N SY # 0,1 <i,j <m}.

For example, let SY = {a,b,c}, S = {c,d,e}, S = {a,c,e} and S} = {d,e, f}. Then its
edge-labeled graph G[Fq] is shown in Fig.1 following.

{c}
(89 (83

{a;c}

Fig.1
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Notice that [J SY = [J S?, i.e., the non-solvable space is empty only if m = 1 in (Eq).
=1 i=1
Generally, let (X1;R1) (Z2;R2), -+, (Xm; Rm) be mathematical systems, where R; is a rule

on ¥; for integers 1 < 4 < m. If for two integers 4,7, 1 < 4,5 < m, ¥; # X, or ¥; = X; but
Ri # R;j, then they are said to be different, otherwise, identical.

Definition 1.2([12]-[13]) A rule in R a mathematical system (3;R) is said to be Smarandachely
denied if it behaves in at least two different ways within the same set X, i.e., validated and
invalided, or only invalided but in multiple distinct ways.

A Smarandache system (3;R) is a mathematical system which has at least one Smaran-

dachely denied rule in R.

Thus, such a Smarandache system is a contradictory system. Generally, we know the

conception of Smarandache multi-space with its underlying combinatorial structure defined

following.
Definition 1.3([8]-[10]) Let (X1;R1), (X2;Rz2), -+, (Xm; Rm) be m > 2 mathematical spaces,
different two by two. A Smarandache multi-space Y is a union U X with rules R = U R; on

i=1 i=1
i, i.e., the rule R; on %; for integers 1 < i < m, denoted by (i,ﬁ)

Similarly, the underlying graph of a Smarandache multi-space (i,ﬁ) is an edge-labeled
graph defined following.

Definition 1.4([8)-[10]) Let (i,ﬁ) be a Smarandache multi-space with ¥ = |J ©; and R =

=1

U Ri. Its underlying graph G [i, E] is defined by

=1
1% (G [E,ED = {21, S ),
E(G [E,ED = { (2,9 | NS #A0,1<i,j <m}
with an edge labeling
1. (2,%,) € E (G [§ RD S 1E(2,9) = w (21- ﬂzj) ,

where w is a characteristic on X; (X, such that ¥, (X; is isomorphic to Xy (X if and only
if w(X,NE) =w (X)) for integers 1 < i,5,k,1 < m.

We consider the simplest case, i.e., all equations in (Eq) are linear with integers m > n
and m,n > 1 in this paper because we are easily know the necessary and sufficient condition of
a linear equation system is solvable or not in linear algebra. For terminologies and notations
not mentioned here, we follow [2]-[3] for linear algebra, [8] and [10] for graphs and topology.

Let

AX = (b1, ba, -+ b)) T (LEq)

be a linear equation system with
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a1 ai2 Q1n Z1

a21 a2 A2n €2
A= and X =

Am1 Am2 Amn Tn

for integers m, n > 1. Define an augmented matrix A™ of A by (b1, bs, -

a1 ai2 Q1n

a21  A22 a2n
At =

Am1 Am2 Amn

,bm)T following:

by
ba

bm

We assume that all equations in (LEq) are non-trivial, i.e., there are no numbers A such that

(@i1, a2, -+, Gin, bi) = Aaji, a2, -

y Ajn s bJ)

for any integers 1 < 4,5 < m. Such a linear equation system (LEq) is non-solvable if there are

no solutions z;, 1 <4 < n satisfying (LFEq).

82. A Necessary and Sufficient Condition for Non-Solvable Linear Equations

The following result on non-solvable linear equations is well-known in linear algebra([2]-[3]).

Theorem 2.1 The linear equation system (LEq) is solvable if and only if rank(A) = rank(A™).
Thus, the equation system (LEq) is non-solvable if and only if rank(A) # rank(A™).

We introduce the conception of parallel linear equations following.

Definition 2.2 For any integers 1 < i,5 < m, i # j, the linear equations

a;1%1 + Q22 + - - Ain Ty = by,

1T + Gj2T2 + - QjnTn = bj

are called parallel if there exists a constant ¢ such that

Cc = Cle/CLil = ajg/aig == ajn/am 7§ bj/bl

Then we know the following conclusion by Theorem 2.1.

Corollary 2.3 For any integers i,j, i # j, the linear equation system

a;1%1 + Q2T + - - Ain Ty = by,

1T + Gj2T2 + - QjnTn = bj

is mon-solvable if and only if they are parallel.
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Proof By Theorem 2.1, we know that the linear equations

;121 + Q2T + - - Ain Ty = by,

aj1T1 + @2T2 + -+ AjnTn = bj

is non-solvable if and only if rankA’ # rankB’, where

a1 Q2 Gin i1 Qi Qi b1

A= , B'=

a1 Q2 - Gjn aji ajz o ajn bo

It is clear that 1 < rankA’ < rankB’ < 2 by the definition of matrixes A’ and B’. Consequently,

rankA’ = 1 and rankB’ = 2. Thus the matrix A’, B’ are respectively elementary equivalent to

matrixes
1 0 0 1 0 0
0 0 o |o 1 00
i.e., there exists a constant ¢ such that ¢ = a;1/a;1 = ajo/ai2 = -+ = ajn/am but ¢ # b;/b;.

Whence, the linear equations

a;1%1 + Qa2 + - - Ain Ty = by,

ajlxl + CLjQZEQ + - 'CLjn{En = bj
is parallel by definition. g

We are easily getting another necessary and sufficient condition for non-solvable linear
equations (LEq) by three elementary transformations on a m x (n + 1) matrix AT defined
following:

(1) Multiplying one row of At by a non-zero scalar c;
(2) Replacing the ith row of AT by row i plus a non-zero scalar ¢ times row j;
(3) Interchange of two row of AT.

Such a transformation naturally induces a transformation of linear equation system (LEq),
denoted by T'(LEq). By applying Theorem 2.1, we get a generalization of Corollary 2.3 for non-
solvable linear equation system (LEq) following.

Theorem 2.4 A linear equation system (LEq) is non-solvable if and only if there exists a

composition T of series elementary transformations on AY with T(AT) the forms following

! I ! /
ayy @y oo ay, by
! i ! /
Az Qo -+ Qg 2
T(A*) = "
I ! I /
(051 Am2 Qpm bm
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and integers i, j with 1 < 4,5 < m such that the equations
ay 1 + Ao + -+ al, x, = b,
a5 Ty + Aoty + - af, T, = U]
are parallel.

Proof Notice that the solution of linear equation system following

has exactly the same solution with (LFEq). If there are indeed integers k and i, j with 1 <
k,7,7 < m such that the equations

ali vy + alyrs + - = b,
a1 + ajpry + - al,x, = U
are parallel, then the linear equation system (LEg*) is non-solvable. Consequently, the linear

equation system (LFEq) is also non-solvable.

Conversely, if for any integers k and ¢, 7 with 1 < k,¢,j < m the equations

ai vy + ajyrs + - - n =0l

/
31:101 + aﬂxg +- Jn =b;

are not parallel for any composition T" of elementary transformations, then we can finally get a

linear equation system

Ty, +Clsp1Tl,, + o F e, = d1
T, + C2,54+1%1 44 + e, = (LE **)
q

by applying elementary transformations on (LFq) from the knowledge of linear algebra, which
has exactly the same solution with (LEq). But it is clear that (LEg**) is solvable, i.e., the

linear equation system (LEq) is solvable. Contradicts to the assumption. O

This result naturally determines the combinatorial structure underlying a linear equation

system following.

Theorem 2.5 A linear equation system (LEq) is non-solvable if and only if there exists a

composition T of series elementary transformations such that
G[T(LEq)] # K,

where K,, is a complete graph of order m.
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Proof Let T(AT) be

! ! ! /
ayp Gy - Oy 1
/ i / /
Ay Qgp "+ Qg by
T(A*) = "
i ! i /
A1 Ao " Oy b

If there are integers 1 < 4, 7 < m such that the linear equations

! ! ! /
a1+ Qo2 + - Ty = by,

’ ’ ’ g
a1 T1 + QjoTo + ATy = b5

are parallel, then there must be S? SJQ = (), where S?, S’? are respectively the solutions of
linear equations ajyz1 + ajyxe + -+ al,x, = b} and ajyx1 + ajyws + - af, x, = b Whence,
there are no edges (57, SY) in G[LEq] by definition. Thus G[LEq] % K. O

We wish to find conditions for non-solvable linear equation systems (LEq) without elemen-
tary transformations. In fact, we are easily determining G[LEq] of a linear equation system
(LEq) by Corollary 2.3. Let L; be the ith linear equation. By Corollary 2.3, we divide these
equations L;, 1 < ¢ < m into parallel families

%1;%27"' ans

by the property that all equations in a family %; are parallel and there are no other equations
parallel to lines in % for integers 1 < ¢ < s. Denoted by |€;| = n;, 1 < i < s. Then the

following conclusion is clear by definition.
Theorem 2.6 Let (LEq) be a linear equation system for integers m,n > 1. Then

GILEq ~ Ky, nyom

s

with ny +n+ 2+ -+ +ns = m, where €, is the parallel family with n; = |€;| for integers
1<i<sin (LEq) and (LEq) is non-solvable if s > 2.

Proof Notice that equations in a family %; is parallel for an integer 1 < ¢ < m and each of

them is not parallel with all equations in U %. Let n; = |%;| for integers 1 < i < s in
1<i<m,l#i
(LEq). By definition, we know

GILEq ~ Ky, nyom

s

withny +n+2+---+ngs =m.
Notice that the linear equation system (LFEq) is solvable only if G[LFEq| ~ K, by definition.
Thus the linear equation system (LFEq) is non-solvable if s > 2. O

Notice that the conditions in Theorem 2.6 is not sufficient, i.e., if G[LEq] ~ Ky, ny, - ns»
we can not claim that (LEq) is non-solvable or not. For example, let (LEg¢*) and (LEg**) be
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two linear equations systems with

1 0 0 1 0 0
oo |0 1o
! 1 1 0 ? 1 2 2
1 -1 0 12 2

Then G[LEq*] ~ G[LEq¢**] ~ K4. Clearly, the linear equation system (LFEq*) is solvable with
x1 = 0, 2 = 0 but (LE¢**) is non-solvable. We will find necessary and sufficient conditions
for linear equation systems with two or three variables just by their combinatorial structures

in the following sections.

§3. Linear Equation System with 2 Variables

Let
AX = (by,ba, -+ b)) T (LEq2)

be a linear equation system in 2 variables with

a1 a12

a1 a22 T1
A= and X =

PR PR $2

Am1 Am?2

for an integer m > 2. Then Theorem 2.4 is refined in the following.

Theorem 3.1 A linear equation system (LEq2) is non-solvable if and only if one of the following

conditions hold:

(1) there are integers 1 <1,j < m such that a;1/aj1 = aiz/ae # b;/b;;
(2) there are integers 1 <i,j,k < m such that

a1 Q52 a;1 b
aj1 G52 ?é @41 bj
a1 Q432 a;1 b
ak1 g2 ag1 by

Proof The condition (1) is nothing but the conclusion in Corollary 2.3, i.e., the ith equation
is parallel to the jth equation. Now if there no such parallel equations in (LEq2), let T be the

elementary transformation replacing all other jth equations by the jth equation plus (—a;1/a;1)
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times the ith equation for integers 1 < j < m. We get a transformation T(AT) of A™ following

a1 G52 a1 b

0
a1 a12 aiy by
a1 G2 apn b

0
as1 As2 as1 bs

+\
T(A ) a;1 a;2 bz ’

ai1 Qg2 a;1 b

0
atr a2 ap by
a1 Q2 a1 b

0

L am1 Qam2 am1 bm i

where s =7 — 1, t = i+ 1. Applying Corollary 2.3 again, we know that there are integers
1 <4, 7,k < m such that

ail iz air b
a1 G52 @41 b]
”
a1 2 a1 b;
ag1  ak2 agr b
if the linear equation system (LFEQ2) is non-solvable. O

Notice that a linear equation az; 4+ bzs = ¢ with @ # 0 or b # 0 is a straight line on R2.

We get the following result.

Theorem 3.2 A liner equation system (LEq2) is non-solvable if and only if one of conditions
following hold:
(1) there are integers 1 <1,j < m such that a;1/aj1 = aiz/aje # b;/b;;
ailp a2

(2) let # 0 and
az; a2

b1 a9 a1 by
ba  ag az1 b2
0 _ 0 _
T] = s Ty =
ail a2 ail a2
a21 a2 a1 a2

Then there is an integer i, 1 <1 < m such that

a1 ($1 — ,T(lj) + aig(l'g — ,Tg) 7é 0.
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Proof 1If the linear equation system (LEgq2) has a solution (z9,29), then

b1 as1 ain b
by as a1 ba
IO _ IO _
1 ’ 2 =
a1 ai2 ail a2
azi a2 a21 a22

and ailx? + aigxg =b;, ie., aj(z) — x?) + ao(x2 — xg) = 0 for any integers 1 < ¢ < m. Thus,
if the linear equation system (LFEg2) is non-solvable, there must be integers 1 < 4,5 < m such
that a;1/aj1 = aie/aje # bi/bj, or there is an integer 1 < ¢ < m such that

a1 (1 — a9) + aio(x2 — 23) # 0.
This completes the proof. O

For a non-solvable linear equation system (L FE¢2), there is a naturally induced intersection-
free graph I[LEq2] by (LEq2) on the plane R? defined following:

V(I[LEq2]) = {(:vl ,x2 )|a11x1 —i—alng = b;, ajlxl + ajng =b;,1<4i,j <m}.

E(I[LEq2]) = {(vij, vi)|the segament between points (¢, z%) and («}, 2i) in R?}. (where
vij—(arl,IQ)for1<z j<m).

Such an intersection-free graph is clearly a planar graph with each edge a straight segment
since all intersection of edges appear at vertices. For example, let the linear equation system
be (LEq2) with

At =

e
N DN = =
w W N

Then its intersection-free graph I[LEq2] is shown in Fig.2.

2 T = 1
T+ 229 =4 V14
142292 =3 % N V45
V24
1 V24
v13 =|v15 = vg3 V13 = V15 = U35
T
O | 2\ N Vo4
1 +x9 =3
I I[LEq2]

Fig.2
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Let H be a planar graph with each edge a straight segment on R2. Its c-line graph Lo (H)
is defined by

V(Lc(H)) = {straight lines L = ejeq---€;,8 > 1 in H};

E(Lc(H)) = {(L1,L2)| if e} and e} are adjacent in H for Ly = ejes---e], Ly =
e2ed- -2, I,s>1}.

The following result characterizes the combinatorial structure of non-solvable linear equa-

tion systems with two variables by intersection-free graphs I[LEq2].

Theorem 3.3 A linear equation system (LEq2) is non-solvable if and only if
G[LEq2] ~ Lo (H)),
where H is a planar graph of order |H| > 2 on R? with each edge a straight segment

Proof Notice that there is naturally a one to one mapping ¢ : V(G[LEq2]) — V(Lo (I[LEq2]))
determined by ¢(SY) = S} for integers 1 < i < m, where S? and S} denote respectively the

solutions of equation a;121 +a;2x2 = b; on the plane R? or the union of points between (x7, x5 )
and (xi, x8) with

anzy + appzy =b;

ajlxij + ajgacéj = bj
and

ainzi + aprld =b;

ant + apzl = b

for integers 1 <1, j,1 < m. Now if (S), S}) € E(G[LEq2]), then S (S) # 0. Whence,

SH)S = o(SD) [ e(S]) = o(SP () 57) # 0
by definition. Thus (S}, S}) € Lo(I(LEq2)). By definition, ¢ is an isomorphism between
G[LEq2] and Lo (I[LEq2]), a line graph of planar graph I[LEq2] with each edge a straight
segment.

Conversely, let H be a planar graph with each edge a straight segment on the plane R2. Not
loss of generality, we assume that edges e1,2,- -+ ,¢; € E(H) is on a straight line L with equation
ar171 +ar2re = br. Denote all straight lines in H by €. Then H is the intersection-free graph
of linear equation system

ar1x1 +arpsxes = by, LET. (LE(]Q*)

Thus,
G|LEq2*] ~ H.

This completes the proof. O

Similarly, we can also consider the liner equation system (LFEq¢2) with condition on x; or
To such as

AX = (by,ba, -+ ,bm)T (L™ Eq2)
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with
a1 ai2
a21 a2 Z1
A= , X =
€2
Am1 Am2

and x; > 2 for a real number 2° and an integer m > 2. In geometry, each of there equation
is a ray on the plane R?, seeing also references [5]-[6]. Then the following conclusion can be
obtained like with Theorems 3.2 and 3.3.

Theorem 3.4 A linear equation system (L~ Eq2) is non-solvable if and only if
G[LEq2] ~ Lo (H)),

where H is a planar graph of order |H| > 2 on R? with each edge a straight segment.

84. Linear Equation Systems with 3 Variables

Let
AX = (b1,b2, - b)) (LEg3)
be a linear equation system in 3 variables with

a1 ai2 a13

a21 a2 a23
A: and X: ZTo

Zs3
Gml Am2 am3

for an integer m > 3. Then Theorem 2.4 is refined in the following.

Theorem 4.1 A linear equation system (LEq3) is non-solvable if and only if one of the following

conditions hold:

(1) there are integers 1 <1i,j <m such that a;1/aj1 = aiz/ajo = a;z/a;3 # bi/b;;
(2) if (a1, @iz, ai3) and (aj1, aj2,a53) are independent, then there are numbers A, v and an
integer I, 1 <1 < m such that

(a1, a2, aiz) = A@i1, @iz, aiz) + p(aji, aje, ajs)
but by # Ab; + pb;;
(3) if (a1, a2, aiz), (aj1,a52,a;53) and (ak1, ake,ar3) are independent, then there are num-
bers A\, u, v and an integer 1, 1 <1 < m such that
(alla a2, alS) = )\(&il, a2, aiS) + /L(@jl, aj2, ajs) + V(Cbkl, ak2, aks)

but by # Ab; + pb; + vby.
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Proof By Theorem 2.1, the linear equation system (LEg3) is non-solvable if and only
if 1 < rankA # rankA™ < 4. Thus the non-solvable possibilities of (LFq3) are respectively
rankA = 1, 2 < rankA" < 4, rankA4 = 2, 3 < rankA" < 4 and rankA = 3, rankAT = 4. We
discuss each of these cases following.

Case 1 rankA =1 but 2 < rankAt <4

In this case, all row vectors in A are dependent. Thus there exists a number A such that
)\ = ail/ajl = aig/ajg = aig/a]g but )\ 75 bz/b]
Case 2 rankAd =2, 3 <rankAt <4

In this case, there are two independent row vectors. Without loss of generality, let
(@i1, a2, a;3) and (aj1, aj2, a;3) be such row vectors. Then there must be an integer [, 1 <1 <m
such that the Ith row can not be the linear combination of the ith row and jth row. Whence,
there are numbers A, 1 such that

(a11, a2, ai3) = Nai1, aiz, aiz) + p(ajn, ajz, a;3)
but b; # Ab; + ub;.
Case 3 rankA = 3, rankAT =4

In this case, there are three independent row vectors. Without loss of generality, let
(@i1, a2, a:3), (aji,a;2,a53) and (ag1, a2, aks) be such row vectors. Then there must be an
integer I, 1 < [ < m such that the [th row can not be the linear combination of the ith row,

jth row and kth row. Thus there are numbers A, u, v such that
(an, a2, aiz) = Mai, @iz, aiz) + p(aji, ajo, aj3) + v(a, are, axs)
but b; # Ab; + pub; + vbi,. Combining the discussion of Case 1-Case 3, the proof is complete. []

Notice that the linear equation system (LEg3) can be transformed to the following (LE¢3*)
by elementary transformation, i.e., each jth row plus —a;3/a;3 times the ith row in (LEg¢3) for
an integer i, 1 <1i < m with a;3 # 0,

A'X = (b, by, -, b,) T (LEq3*)
with ) ~
ahy aly 0 b
At — a/(ifl)l al(¢71)2 0 b,
a1 a;2 a;3 b;
Wiy Bipr2 0 b
At A2 0 by, ]

where a;—l = Gj1 — ajgail/alg, CL;—Z = a2 — ajgaiQ/CLig and b; = bj - ajgbi/aig fro integers

1 < j < m. Applying Theorem 3.3, we get the a combinatorial characterizing on non-solvable
linear systems (LFq3) following.
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Theorem 4.2 A linear equation system (LEq3) is non-solvable if and only if GILEq3] # K,
or G[LEq3*] ~ u+ Lc(H), where H denotes a planar graph with order |H| > 2, size m — 1

and each edge a straight segment, uw+ G the join of vertexr u with G.

Proof By Theorem 2.4, the linear equation system (LFEg3) is non-solvable if and only if
G[LEq3] # K,, or the linear equation system (LFg¢3*) is non-solvable, which implies that the

linear equation subsystem following
BX' = (b/lv T ’b;—l’b;-i-l T ’b:n)T
with

! !
ary a1

! T
B = azi—l)l azi—l)z and X' = (z1,22)
/ /
AG+11 A3i+1)2
/ /
Am1 )

(LEq2")

is non-solvable. Applying Theorem 3.3, we know that the linear equation subsystem (LEq2*)

is non-solvable if and only if G[LE¢2*] ~ Lc(H)), where H is a planar graph H of size m — 1

with each edge a straight segment. Thus the linear equation system (LFg¢3*) is non-solvable if

and only if G[LE¢3*] ~u+ Lc(H).

85. Linear Homeomorphisms Equations

O

A homeomorphism on R” is a continuous 1 — 1 mapping A : R” — R"™ such that its inverse h~!

is also continuous for an integer n > 1. There are indeed many such homeomorphisms on R".

For example, the linear transformations 7' on R™. A linear homeomorphisms equation system

is such an equation system
AX = (bl7b27 e 7bm)T

with X = (h(x1), h(z2), -+, h(z,))T, where h is a homeomorphism and

a1 a12 T G1n

a21 a22 T a2n
A =

am1 Am2 ot Qmn

for integers m, n > 1. Notice that the linear homeomorphism equation system
aith(z1) + aigh(z2) + - ainh(z,) = b;,
ajih(z1) + aja(x2) + - - ajnh(zn) = b;
is solvable if and only if the linear equation system
a;1%1 + @22 + -+ QinTp = by,

aj1171 —+ anIQ + .- CLjn.In = bj

(L"Eq)
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is solvable. Similarly, two linear homeomorphism equations are said parallel if they are non-
solvable. Applying Theorems 2.6, 3.3,4.2, we know the following result for linear homeomor-
phism equation systems (L"Eq).

Theorem 5.1 Let (L"Eq) be a linear homeomorphism equation system for integers m,n > 1.
Then

(1) G[LEq) ~ Ky, ny... n, Withny +n+2+---+ng =m, where € is the parallel family
with n; = |€}| for integers 1 <i < s in (L"Eq) and (L"Eq) is non-solvable if s > 2;

(2) Ifn = 2, (L"Eq) is non-solvable if and only if G[L"Eq] ~ Lc(H)), where H is a
planar graph of order |H| > 2 on R? with each edge a homeomorphism of straight segment, and
if n = 3, (L"Eq) is non-solvable if and only if G[L"Eq] % K,, or G[LEq3*] ~ u + Lc(H),
where H denotes a planar graph with order |H| > 2, size m—1 and each edge a homeomorphism

of straight segment.
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Abstract: A Roman domination function on a complementary prism graph GG° is a
function f : V.UV — {0,1,2} such that every vertex with label 0 has a neighbor with
label 2. The Roman domination number vr(GG°) of a graph G = (V, E) is the minimum
of 3 cvuye f(x) over such functions, where the complementary prism GG of G is graph
obtained from disjoint union of G and its complement G¢ by adding edges of a perfect
matching between corresponding vertices of G and G¢. In this paper, we have investigated

few properties of yr(GG®) and its relation with other parameters are obtained.
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81. Introduction

In this paper, G is a simple graph with vertex set V(G) and edge set E(G). Let n = |V] and
m = |E| denote the number of vertices and edges of a graph G, respectively. For any vertex v
of G, let N(v) and N[v] denote its open and closed neighborhoods respectively. ag(G)(a1(G)),
is the minimum number of vertices (edges) in a vertex (edge) cover of G. Go(G)(51(G)), is the
minimum number of vertices (edges) in a maximal independent set of vertex (edge) of G. Let
deg(v) be the degree of vertex v in G. Then A(G) and §(G) be maximum and minimum degree
of G, respectively. If M is a matching in a graph G with the property that every vertex of G is
incident with an edge of M, then M is a perfect matching in G. The complement G of a graph
G is the graph having the same set of vertices as G denoted by V¢ and in which two vertices
are adjacent, if and only if they are not adjacent in G. Refer to [5] for additional graph theory
terminology.

A dominating set D C V for a graph G is such that each v € V is either in D or adjacent
to a vertex of D. The domination number v(G) is the minimum cardinality of a dominating
set of G. Further, a dominating set D is a minimal dominating set of GG, if and only if for each

vertex v € D, D —v is not a dominating set of G. For complete review on theory of domination

1Received April 8, 2012. Accepted June 8, 2012.
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and its related parameters, we refer [1], [6]and [7].

For a graph G = (V, E), let f: V — {0, 1,2} and let (Vy, V1, Va) be the ordered partition
of V induced by f, where V; = {v € V/f(v) = i} and |V;| = n; for i = 0,1,2. There exist 1-1
correspondence between the functions f : V' — {0, 1,2} and the ordered partitions (Vy, V1, V2)
of V. Thus we write f = (Vp, V1, Va).

A function f = (Vp, V4, V2) is a Roman dominating function (RDF) if V5 > Vp, where >~
signifies that the set Vo dominates the set V. The weight of a Roman dominating function
is the value f(V) = >, ., f(v) = 2|V2| + [V1]. Roman dominating number yz(G), equals the
minimum weight of an RDF of G, we say that a function f = (Vo, V1, V) is a yg-function
if it is an RDF and f(V) = vr(G). Generally, let I C {0,1,2,---,n}. A Smarandachely
Roman s-dominating function for an integer s, 2 < s < n on a graph G = (V,E) is a function
f:V —={0,1,2,--- ,n} satisfying the condition that |f(u) — f(v)| > s for each edge uwv € E
with f(u) or f(v) € I. Particularly, if we choose n = s = 2 and I = {0}, such a Smarandachely
Roman s-dominating function is nothing but the Roman domination function. For more details
on Roman dominations and its related parameters we refer [3]-[4] and [9]-[11].

In [8], Haynes etal., introduced the concept of domination and total domination in com-
plementary prisms. Analogously, we initiate the Roman domination in complementary prism
as follows:

A Roman domination function on a complementary prism graph GG€ is a function f :
Vuve — {0,1,2} such that every vertex with label 0 has a neighbor with label 2. The Roman

domination number yr(GG®) of a graph G = (V, E) is the minimum of > f(z) over such

zeVuve
functions, where the complementary prism GG° of G is graph obtained from disjoint union of G

and its complement G¢ by adding edges of a perfect matching between corresponding vertices
of G and G°.

§82. Results

We begin by making a couple of observations.
Observation 2.1 For any graph G with order n and size m,
m(GG®) =n(n+1)/2.
Observation 2.2 For any graph G,
(i) B1(GG) =n.
(ii) on(GGe)+ 1 (GGC) = 2n.

Proof Let G be a graph and GG® be its complementary prism graph with perfect matching
M. If one to one correspondence between vertices of a graph G and its complement G¢ in GG°,
then GG* has even order and M is a 1-regular spanning sub graph of GG¢, thus (i) follows and
due to the fact of @1 (G) + B1(G) = n,(ii) follows. O
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Observation 2.3 For any graph G,
Y(GG) =n
if and only if G or G is totally disconnected graph.

Proof Let there be n vertices of degree 1 in GG*. Let D be a dominating set of GG¢ and
v be a vertex of G of degree n — 1, v € D. In GG®, v dominates n vertices and remaining n — 1
vertices are pendent vertices which has to dominate itself. Hence v(GG®) = n. Conversely, if

v(GG®) = n, then there are n vertices in minimal dominating set D. 0

Theorem 2.1 For any graph G,
Yr(GG®) = a1 (GG®) 4+ 51(GG®)
if and only if G being an isolated vertex.

Proof If G is an isolated vertex, then GG° is K2 and yr(GG®) = 2,a;(GG°) = 1 and
B1(GG®) = 1. Conversely, if yr(GG®) = a1(GG®) + $1(GG®). By above observation, then we
have yr(GG°) = 2|Va| + |V4]. Thus we consider the following cases:

Case 1 If V5 = ¢, |V4| = 2, then Vj = ¢ and GG° & K.
Case 2 If |V3]| =1, |Vi| = ¢, then GG is a complete graph.

Hence the result follows. O

Theorem 2.2 Let G and G be two complete graphs then GG is also complete if and only if
G =K.

Proof If G = K; then G° = K; and GG = Ky which is a complete graph. Conversely, if
GG is complete graph then any vertex v of G is adjacent to n — 1 vertices of G and n vertices
of G¢. According to definition of complementary prism this is not possible for graph other than
K. O

Theorem 2.3 For any graph G,
Y(GG®) < yr(GG®) < 2v(GG°).
Further,the upper bound is attained if V1(GG®) = ¢.

Proof Let f = (Vy,V1,V2) be yr-function. If Vo > V; and (V4 U V3) dominates GG¢, then
Y(GG®) < Vi U V| = [Vi| 4+ 2|Va| = yr(GG®). Thus the result follows.

Let f = (Vp,Vi,V2) be an RDF of GG® with |D| = v(GG®). Let Vo = D,V; = ¢ and
Vo =V — D. Since f is an RDF and yr(GG®) denotes minimum weight of f(V'). It follows
Yr(GG®) < f(V) = |Vh| + 2|Vz| = 2|S| = 2v(GG*). Hence the upper bound follows. For graph
GG°, let v be vertex not in V;, implies that either v € Vo or v € Vy. If v € V5 then v € D,
Yr(GG®) = 2|Va| + |V4| = 2|D| = 2y(GG®). If v € Vj then N(v) C V5 or N(v) C Vp as v does
not belong to V3. Hence the result. O
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Theorem 2.4 For any graph G,
2 < yr(GG®) < (n+1).

Further, the lower bound is attained if and only if G = K1 and the upper bound is attained if
G or G° is totally disconnected graph.

Proof Let G be a graph with n > 1. If f = {Vo,V4,Va} be a RDF of GG¢, then
Yr(GG®) > 2. Thus the lower bound follows.

Upper bound is proved by using mathematical induction on number of vertices of G. For
n =1, GG = K3, 7r(GG°) = n+ 1. For n = 2, GG® = P;,yr(GG°) = n + 1. Assume the
result to be true for some graph H with n — 1 vertices, yr(HH¢) < n. Let G be a graph
obtained by adding a vertex v to H. If v is adjacent to a vertex w in H which belongs to
Va, then v € Vo,7r(GG®) = n < n+ 1. If v is adjacent to a vertex either in Vj or Vi, then
vr(GG®) = n+ 1. If v is adjacent to all vertices of H then yr(GG®) < n < n+ 1. Hence upper
bound follows for any number of vertices of G.

Now, we prove the second part. If G = K, then yr(GG®) = 2. On the other hand, if
Yr(GG®) = 2 = 2|V,| + |V1| then we have following cases:

Case 1 If [Vo| = 1,|V4| = 0, then there exist a vertex v € V(GG®) such that degree of
v = (n — 1), thus one and only graph with this property is GG¢ = K5. Hence G = Kj;.

Case 2 If |Vo| = 0,|V1| = 2, then there are only two vertices in the GG® which are connected
by an edge. Hence the result.

If G is totally disconnected then G is a complete graph. Any vertex v¢ in G¢ dominates
n vertices in GG°. Remaining n — 1 vertices of GG® are in V. Hence vg(GG°) =n + 1. O

Proposition 2.1([3]) For any path P, and cycle C,, with n > 3 vertices,
Vr(Pr) = 7r(Cn) = [2n/3],
where [x] is the smallest integer not less than x.

Theorem 2.5 For any graph G,

(1) if G = P, with n > 3 vertices, then
TR(GG) =4+ [2(n = 3)/3];
(1) if G = Cy, with n > 4 vertices, then

Yr(GG®) =4+ [2(n —2)/3].

Proof (i) Let G = P, be a path with with n > 3 vertices. Then we have the following

cases:

Case 1 Let f = (Vo,V1,V2) be an RDF and a pendent vertex v is adjacent to a vertex u in

G. The vertex v¢ is not adjacent to a vertex u® in V¢. But the vertex of v° in V¢ is adjacent
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to n vertices of GG°. Let v© € Vo and N(v°) C Vp. There are n vertices left and u¢ € N|u] but
{N(u®) —u} C Vy. Hence u € Vo, N(u) C V,. There are (n — 3) vertices left, whose induced
subgraph H forms a path with yg(H) = [2(n—3)/3], this implies that y(G) = 4+[2(n—3)/3].

Case 2 If v is not a pendent vertex, let it be adjacent to vertices v and w in GG. Repeating
same procedure as above case , Yr(GG®) = 6+ [2(n — 3)/3], which is a contradiction to fact of
RDF.

(i1) Let G = C,, be a cycle with n > 4 vertices. Let f = (Vp, V1, V2) be an RDF and w be
a vertex adjacent to vertex u and v in G, and w°® is not adjacent to u¢ and v¢ in V¢. But w® is
adjacent to (n — 2) vertices of GG°. Let w® € V, and N(w®) C Vp. There are (n + 1)-vertices
left with u¢ or v¢ € V5. With out loss of generality, let u¢ € Vi, N(u¢) C Vh. There are
(n — 2) vertices left, whose induced subgraph H forms a path with vg(H) = [2(n — 2)/3] and
Vo = {w, u}, this implies that yr(G) = 4+ [2(n — 2)/3]. O

Theorem 2.6 For any graph G,
maz{yr(G), Yvr(G)} < Yr(GG) < (Vr(G) +Vr(GY)).
Further, the upper bound is attained if and only if the graph G is isomorphic with K;.

Proof Let G be a graph and let f : V — {0,1,2} and f = (Vp, V1, V2) be RDF. Since GG*
has 2n vertices when G has n vertices, hence maz{vr(G), vr(G°)} < Yr(GG®) follows.

For any graph G with n > 1 vertices. By Theorem 2.4, we have yr(GG®) < (n+ 1) and
(vr(G) + vr(G®)) < (n+2) = (n+ 1) + 1. Hence the upper bound follows.

Let G =2 K;. Then GG°¢ = K, thus the upper bound is attained. Conversely, suppose
G % K;. Let u and v be two adjacent vertices in G and u is adjacent to v and u® in GG°.
The set {u,v°} is a dominating set out of which u € V5,v° € V1. vr(G) = 2,vr(G®) = 0 and
vr(GG®) = 3 which is a contradiction. Hence no two vertices are adjacent in G. O

Theorem 2.7 If degree of every vertex of a graph G is one less than number of vertices of G,
then
Yr(GG®) = v(GG®) + 1.

Proof Let f = (Vb,V1,V2) be an RDF and let v be a vertex of G of degree n — 1. In
GG¢, v is adjacent to n vertices. If D is a minimum dominating set of GG° then v € D,
v € V2 also N(v) C Vy. Remaining n — 1 belongs to V5 and D. |D| = v(GG®) = n and
YrR(GG®) =n+1=~(GG) + 1. O

Theorem 2.8 For any graph G with n > 1 vertices,
Yr(GG®) < [2n — (A(GG) +1)].
Further, the bound is attained if G is a complete graph.

Proof Let G be any graph with n > 1 vertices. Then GG€¢ has 2n- vertices. Let f =
(Vo,V1,Va) be an RDF and v be any vertex of GG such that deg(v) = A(GG®). Then v
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dominates A(GG®) 4 1 vertices. Let v € Vo andN(v) C V. There are (2n — (A(GG®) + 1)
vertices left in GG¢, which belongs to one of Vy, Vi or V5. If all these vertices € Vi, then
Yr(GG®) = 2|Va| + V1| = 2+ (2n — A(GG°) + 1) = 2n — A(GG°) + 1. Hence lower bound is
attained when G =2 K,,, where v is a vertex of G. If not all remaining vertices belong to Vi,
then there may be vertices belonging to Vo and which implies there neighbors belong to V.
Hence the result follows. O

Theorem 2.9 For any graph G,
Yr(GG®)¢ < yr(GG®).

Further, the bound is attained for one of the following conditions:

(i) GG°=(GG)%;
(11) GG° is a complete graph.

Proof Let G be a graph, GG be its complementary graph and (GG¢)¢ be complement
of complementary prism. According to definition of GG¢ there should be one to one matching
between vertices of G and G°, where as in (GG¢)° there will be one to (n— 1) matching between
vertices of G and G° implies that adjacency of vertices will be more in (GG¢)¢. Hence the result.
If GG® = (GG°)°, domination and Roman domination of these two graphs are same. The only
complete graph GG can be is Ky. (GG©)¢ will be two isolated vertices, yr(GG®) = 2 and
vr(GG®)¢ = 2. Hence bound is attained. O

To prove our next results, we make use of following definitions:

A rooted tree is a tree with a countable number of vertices, in which a particular vertex is
distinguished from the others and called the root. In a rooted tree, the parent of a vertex is
the vertex connected to it on the path to the root; every vertex except the root has a unique
parent. A child of a vertex v is a vertex of which v is the parent. A leaf is a vertex without

children.

A graph with exactly one induced cycle is called unicyclic.
Theorem 2.10 For any rooted tree T,
YR(TT®) = 2|Sa] + [ 54,
where S1 C Vi and Sy C V.

Proof Let T be arooted tree and f = (V, Vi, V2) be RDF of a complementary prism TT¢.
We label all parent vertices of T" as Py, Ps, ....P;, where P}, is root of a tree T'. Let .S}, be set of all
parent vertices of T', S; be set of all leaf vertices of T" and v € S; be a vertex farthest from Pj.
The vertex v is adjacent to (n — 1)—vertices in TT°. Let v° € Sy, and N(v®) C Vj. Let P be
parent vertex of v € T. For i=1 to k if P; is not assigned weight then P; € Sy and N(P;) C V.
If P; is assigned weight and check its leaf vertices in T', then we consider the following cases:

Case 1 If P, has at least 2 leaf vertices, then P; € Sy and N(F;) C Vj.
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Case 2 If P, has at most 1 leaf vertex, then all such leaf vertices belong to S;. Thus yg(GG°) =
2|Ss| + |S1] follows. O

Theorem 2.11 Let G¢ be a complement of a graph G. Then the complementary prism GG€ is
(i) isomorphic with a tree T if and only if G or G¢ has at most two vertices.
(it) (n+1)/2-regular graph if and only if G is (n — 1)/2-regular.

(#i) unicyclic graph if and only if G has exactly 3 vertices.

Proof (i) Suppose GG® is a tree T with the graph G having minimum three vertices.

Then we have the following cases:

Case 1 Let u, v and w be vertices of G with v is adjacent to both u and w. In GG¢, u® is
connected to u and w® also v® is connected to v. Hence there is a closed path u-v-w-w®-u®-u,

which is a contradicting to our assumption.

Case 2 If vertices u, v and w are totally disconnected in GG, then G° is a complete graph. Since

every complete graph G with n > 3 has cycle. Hence GG€ is not a tree.

Case 3 If u and v are adjacent but which is not adjacent to w in G, then in GG¢ there is a
closed path u-u®-w°-v°-v°-u, again which is a contradicting to assumption.

On the other hand, if G has one vertex, then GG¢ = K5 and if G have two vertices, then
GG = Py. In both the cases GG€ is a tree.

(i4) Let G be r-regular graph, where r = (n — 1)/2, then G¢ is n — r — 1 regular. In
GG*°, degree of every vertex in G is r +1 = (n + 1)/2 and degree of every vertex in G©
isn—1r = (n+1)/2, which implies GG® is (n + 1)/2-regular. Conversely, suppose GG° is
s = (n+ 1)/2-regular. Let F be set of all edges making perfect match between G and G¢. In
GG°—E, G is s—1-regular and G° is (n—s—1)-regular. Hence the graph G is (n—1)/2-regular.

(#4¢) If GG has at most two vertices, then from (i), GG® is a tree. Minimum vertices
required for a graph to be unicyclic is 3. Because of perfect matching in complementary prism

and G and G¢ are connected if there are more than 3 vertices there will be more than 1 cycle.[]
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§1. Introduction

Let S be a surface. For an integer k& > 0, a Smarandachely k-map on S is such a pseudo-map on
S just with k faces that not being 2-cell. If k = 0, such a Smarandachely map is called map. In
the field of enumerating planar maps, many functional equations for a variety of sets of planar
maps have been found and some solutions of the equations are obtained. Some nice skills are
applied in this area and they have set up the foundation of enumerative theory [2], [5], [6] and
[9-13]. But the discussion on enumerating function of simple planar maps is very few. All the
results obtained so far are almost concentrated in general simple planar maps [3], [4], [7] and
[8]. In 1997, Cai [1] investigated for the first time the enumeration of simple Eulerian planar
maps with the valency of root-vertex, the number of inner edges and the valency of root-face as
parameters and a functional equation satisfied by its enumerating function was obtained, but
it is very complicated and its solution has not been found up to now.

In this paper we treat the enumeration of rooted nearly 2-regular simple planar maps
with the valency of the root-face, the numbers of nonrooted vertices and inner faces as three
parameters. Several explicit expressions of its enumerating functions are obtained and one of
them is summation-free.

Now, we define some basic concepts and terms. In general, rooting a map means distin-
guishing one edge on the boundary of the outer face as the root-edge, and one end of that edge

as the root-vertex. In diagrams we usually represent the root-edge as an edge with an arrow on

1Supported by the NNSFC under Grant No. 10271017 and Chongging Municipal Education Commission
under Grant No. KJ101204.
2Received February 24, 2012. Accepted June 10, 2012.
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the outer face, the arrow being drawn from the root-vertex to the other end. So the outer face
is also called the root-face. A planar map with a rooting is said to be a rooted planar map. We
say that two rooted planar maps are combinatorially equivalent or up to root-preserving iso-
morphism if they are related by 1-1 correspondence of their elements, which maps vertices onto
vertices, edges onto edges and faces onto faces, which preserves incidence relations and which
preserves the root-vertex, root-edge and root-face. Otherwise, combinatorially inequivalent or
nonisomorphic here.

A nearly 2-regular map is a rooted map such that all vertices probably except the root-
vertex are of valency 2. A map is said to be simple, if there is neither loop nor parallel edge.

For a set of some maps .#, the enumerating function discussed in this paper is defined as

fou(z,y, 2 Z 2 M) yp(M) a(M) (1)
Me#

where (M), p(M) and ¢(M) are the root-face valency, the number of nonrooted vertices and
the number of inner faces of M, respectively.

Furthermore, we introduce some other enumerating functions for .# as follows:

ga(y) =Y 2!y

Me.#

= Z yP(MD) a(M)

Me#

=y y, (2)

Me.#

where [(M),p(M) and q(M) are the same in (1) and n(M) is the number of edges of M, that

is

g/g(x,y) :f%(xayvy)a h//{(y,Z):f//{(l,y,Z),
Hy(y) =9.4(1,y) = ha(y,y) = f.a(1,9,9). (3)

For the power series f(x), f(z,y) and f(z,y, z), we employ the following notations:

o f(x), 0L f(x,y) and O f(x,y,2)

(wy) (z,y,2)

to represent the coefficients of 2™ in f(z), 2™yP in f(x,y) and 2™yP2% in f(x,y, z), respectively.
Terminologies and notations not explained here can be found in [11].

82. Functional Equations

In this section we will set up the functional equations satisfied by the enumerating functions
for rooted nearly 2-regular simple planar maps.

Let & be the set of all rooted nearly 2-regular simple planar maps with convention that
the vertex map ¥ is in & for convenience. From the definition of a nearly 2-regular simple map,
for any M € & — 9, each edge of M is contained in only one circuit. The circuit containing the
root-edge is called the root circuit of M, and denoted by C(M).
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It is clear that the length of the root circuit is no more than the root-face valency, and

&=&+Jé&, (4)
i>3
where
& ={M | M € &,the length of C(M) is i} (5)

and &) is only consist of the vertex map .

It is easy to see that the enumerating function of & is

fg’o($,y,2) =1 (6)

For any M € &;(i > 3), the root circuit divides M — C (M) into two domains, the inner
domain and outer domain. The submap of M in the outer domain is a general map in &, while
the submap of M in the inner domain does not contribute the valency of the root-face of M.

Therefore, the enumerating function of &; is
fgi({E,y,Z) :xi i_lzhfa (7)

where h = he(y,2) = fe(1,y,2).

Theorem 2.1 The enumerating function f = fg(x,y, z) satisfies the following equation:

3,2 -1
f= [1 _zly zh]
1—2zy
where h = he(y,2) = fe(1,y, 2).
Proof By (4), (6) and (7), we have

f=1+ inyi_lzhf

i>3
3,2 h
1y TYE
1—xzy
which is equivalent to the theorem. O

Let y = z in (8). Then we have

Corollary 2.1 The enumerating function g = gg(x,y) satisfies the following equation:

2y H -1
=|1-— 9
s=p-T2 )

where H = He(y) = ge(1,y).
Let x =1 in (8). Then we obtain

Corollary 2.2 The enumerating function h = hg(y, z) satisfies the following equation:

y?’zh? — (1 —y)h—y+1=0. (10)
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Further, let y = z in (10). Then we have
Corollary 2.3 The enumerating function H = Hg(y) satisfies the following equation:

yH> —(1—y)H —y+1=0. (11)

§3. Enumeration

In this section we will find the explicit formulae for enumerating functions f = fg(z,y,2),9 =
ge(x,y),h = he(y,z) and H = Hg(y) by using Lagrangian inversion.
By (10) we have

a-n(1-1-35)

h= 12
2yQZ ( )
Let
- z=mn(l—6n) (13)
y= 110 Yz = n)-
By substituting (13) into (12), one may find that
1
h=-———. 14
- (14)
By (13) and (14), we have the following parametric expression of h = he(y, 2):
__0 =n(l—6n)
Y 1+0 Yyz=n n)
1
h= 15
T (15)
and from which we get
=4 0 1-26
Ay = |TF0 = -0 __ 16
@m =1 1=20n| — (1+6)(1 ~6n) (16)
—on

Theorem 3.1 The enumerating function h = hg(y, z) has the following explicit expression:

5]
hg(y,@:H;; q!(q+f)!(£—gq)!(q—1)!y . 1

Proof By employing Lagrangian inversion with two parameters, from (15) and (16) one
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may find that

Z a(ZDQ) (L+0) 1(1_2977)yp+qzq

o 1 — gn)q+2
_Zza p—a,q) L+~ 2977)ypzq
p>0 e (0777) 1 — 977)Q+2

P—q— p—q—1
_1+ZZ{ oP—a:9) ) (1+6) _ 99 g—1,4-1) (1 +6) P2

p>1q « (CRD) 1_977)q+2 (0, n) (1 — On)a+2
—1+ZZ TS R

p>2q 1 Q+
S S ]

i g+ DU — 29)g = 1)!

which is just the theorem.

In what follows we present a corollary of Theorem 3.1.

Corollary 3.1 The enumerating function H = Hg(y) has the following explicit expression:

3]
Hg@)Zl—i—ZZ ((2Q)(n—2q—1)! )y",

i g+ 1)l (n = 39) (g — 1)!

Proof 1t follows immediately from (17) by putting =y and n = p + gq.

Now, let
o §(140)
o1+ €0
By substituting (15) and (19) into Equ. (8), one may find that
1
I= 1 _ &m0z
(1+€6)?

(18)

(20)

By (15), (19) and (20), we have the parametric expression of the function f = fg(z,y, 2)

as follows:
(14 0) 0
Tt YT 11w
1
yz=n(l—6n), [= PG e
(1+£6)?
According to (21), we have
e 0 1 29
A(g_]eﬁn) =] 0 Fle 0 | = U .
. og (1+£0)(1+6)(1 —on)
*

1—6n
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Theorem 3.2 The enumerating function f = fe(x,y,z) has the following explicit expression:

L5] p+q min{|$7,q}

(2¢—k— 1)k (1 —2k—1
Jelry,z) =1+ Y Z Céq_w( -3k )

p>2q=11=3 L—max {1, |’l+2q—p-‘}

p—q—l+2k—-1\ ,
. 23
X(p—2q—l—|—3k vy (23)

Proof By using Lagrangian inversion with three variables, from (21) and (22) one may find
that

(14+€0) =11 +0)p~1=1(1 —20n
.I Yy 2 Z 8(571;71717)) ) ( ) ( ) lyp+qzq

39 9)2
1,p,g>0 (1 — 6n)att [1 — %}

_ (l,p q,q) 1"'59)[ 1(1+9)p - 1(1—2977) 2lyP 24
- Yo Ty
1,p20¢=0 (1 —On)att {1 - W]

mm{\_ lip—q,q} 1—2k—1

(1—3k,p—q—k,q—k) (1 + £0)
=1+ > Z Z Ote.0m) (1= 6n)att

I,p>1q=1
x (1+ 9)p7qfl+2k71(1 — 20n)zlyP 21
min{|§],q}

SED 3 D S (v

Lp21g=1p— max{0|—1+q £}

« glr-a-tt2kg—n) (LA OPTITET (A —26n) |,
(®.m) (1= 0n)att Ty 2

min{|§].q}
[—2k—1
exy oy ()

Lp21g=1p— max{0|—l+q7p"|}

{3(1) q—14+2k,q—Fk) (1+ Q)P*qflJerfl

0,m) (1 — 917)Q+1
I 1+ e)p q—Il+2k—1
. 26(;0 —1+2k—1,g—k—1) ( 1 q
) a—emet |77

L3 p+a min{| §],q}

B (2 —k— 1)k (1—2k—1
ey s ()

p>2q=11=3 k=max{1, [M“}

Xag*2q*l+3k(1+9)p q—1+2k—1 lypzq

L5 p+q min{|$7,q}

B (2q—k — 1)k (1 — 2k —1
RAP DI 2 (g —k)lq! ( I -3k )

P22 =1 1=3 j=max{1,[ 21-2 1}

p—q—l+2k—-1\ ,
% ( p—2q—1+ 3k ryEs

which is what we wanted. O

Finally, we give a corollary of Theorem 3.2.
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Corollary 3.2 The enumerating function g = gg(x,y) has the following explicit expression:

n 3] min{| {1,q}

2q —k — 1)k (1— 2k — 1
gelwy) =1+ > > > %( [ -3k )

n>31=3 ¢=1 g=max{1,[ +22=n1}

n—2¢—1+2k-1\ ;
" 24
X< n—3q—1+3k >xy (24)
Proof Tt follows soon from (23) by putting z =y and n = p + q. O
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Abstract: In this communication, the concept of pathos total semitotal and entire total
block graph of a tree is introduced. Its study is concentrated only on trees. We present
a characterization of graphs whose pathos total semitotal block graphs are planar, maxi-
mal outerplanar, minimally nonouterplanar, nonminimally nonouterplanar, noneulerian and
hamiltonian. Also, we present a characterization of those graphs whose pathos entire to-
tal block graphs are planar, maximal outerplanr, minimally nonouterplanar, nonminimally

nonouterplanar, noneulerian, hamiltonian and graphs with crossing number one.
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81. Introduction

The concept of pathos of a graph G was introduced by Harary [2], as a collection of minimum
number of line disjoint open paths whose union is G. The path number of a graph G is the
number of paths in a pathos. A new concept of a graph valued functions called the semitotal
and total block graph of a graph was introduced by Kulli [5]. For a graph G(p,q) if B =
Ul, Uz, Us, -+ ,Up;T = 2 is a block of G. Then we say that point u; and block B are incident
with each other, as are us and B and soon. If two distinct blocks By and Bs are incident with
a common cut point, then they are called adjacent blocks. The points and blocks of a graph
are called its members. A Smarandachely block graph TY (G) for a subset V C V(G) is such
a graph with vertices V U B in which two points are adjacent if and only if the corresponding
members of G are adjacent in (V') or incident in G, where B is the set of blocks of G. The
semitotal block graph of a graph G denoted T,(G) is defined as the graph whose point set is

the union of set of points, set of blocks of G in which two points are adjacent if and only if

1Received March 26, 2012. Accepted June 12, 2012.
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members of G are incident. The total block graph of a graph G denoted by T5(G) is defined as
the graph whose point set is the union of set of points, set of blocks of G in which two points
are adjacent if and only if the corresponding members of G are adjacent or incident. Also, a
new concept called pathos semitotal and total block graph of a tree has been introduced by
Muddebihal [10]. The pathos semitotal graph of a tree T denoted by Pr, (T') is defined as the
graph whose point set is the union of set of points, set of blocks and the set of path of pathos of
T in which two points are adjacent if and only if the corresponding members of G are incident
and the lines lie on the corresponding path P; of pathos. The pathos total block graph of a
tree T' denoted by Pr,(T) is defined as the graph whose point set is the union of set of points,
set of blocks and the set of path of pathos of T in which two points are adjacent if and only if
the corresponding members of G are adjacent or incident and the lines lie on the corresponding
path Pi of pathos. Stanton [11] and Harary [3] have calculated the path number for certain
classes of graphs like trees and complete graphs.

All undefined terminology will conform with that in Harary [1]. All graphs considered here
are finite, undirected and without loops or multiple lines. The pathos total semitotal block
graph of a tree T denoted by is defined as the graph whose point set is the union of set of points
and set of blocks of T and the path of pathos of T" in which two points are adjacent if and only
if the corresponding members of T" are incident and the lines lie on the corresponding path P; of
pathos. The pathos entire total block graph of a tree denoted by is defined as the graph whose
set of points is the union of set of points, set of blocks and the path of pathos of T in which
two points are adjacent if and only if the corresponding members of T are adjacent or incident
and the lines lie on the corresponding path P; of pathos. Since the system of pathos for T is
not unique, the corresponding pathos total semitotal block graph and pathos entire total block
graphs are also not unique.

In Figure 1, a tree T and its semi total block graph T,(T') and their pathos total semitotal
block graph are shown. In Figure 2, a tree T' and its total block graph T(T) and their pathos

entire total block graphs are shown.

The line degree of a line uv in T, pathos length in T, pathos point in 7" was defined by
Muddebihal [9]. If G is planar, the inner point number i(G) of G is the minimum number of
points not belonging to the boundary of the exterior region in any embedding of GG in the plane.

A graph G is said to be minimally nonouterplanar if i(G) = 1 as was given by Kulli [4].

We need the following results for our further results.

Theorem A([10]) For any non-trivial tree T, the pathos semitotal block graph Pr, (T) of a tree
T, whose points have degree d;, then the number of points are (2¢ + k + 1) and the number of

12
lines are (2(] + 24 3 Z df) , where k is the path number.
i=1

Theorem B([10]) For any non-trivial tree whose points have degree d;, the number of points

12
and lines in total block graph Tp(T) of a tree T are (2¢+ 1) and (2q + 3 de) .
i=1

Theorem C([10]) For any non-trivial tree T, the pathos total block graph Pr,(T) of a tree
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T, whose points have degree d;, then the number of points in Pr,(T) are (29 + k + 1) and the

P
number of lines are (q +2+ Z df) , where k is the path number.
i=1

T T,(T) P,(T)

Figure 1

Theorem D([7]) The total block graph Tr(G) of a graph G is planar if and only if G is

outerplanar and every cut point of G lies on at most three blocks.

Theorem FE([6]) The total block graph Tp(G) of a connected graph G is minimally nonouter-
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planar if and only if,

(1) G if a cycle, or

(2) G is a path of length n > 2, together with a point which is adjacent to any two adjacent
points of P.

Theorem F([8]) The total block graph Tp(G) of a graph G has crossing number one if and
only if,

(1) G is outerplanar and every cut point in G lies on at most 4 blocks and G has a unique
cut point which lies on 4 blocks, or

(2)G is minimally nonouterplanar, every cut point of G lies on at most 3 blocks and exactly

one block of G is theta-minimally nonouterplanar.

Corollary A([1]) Ewvery non-trivial tree T contains at least two end points.

§2. Pathos Total Semitotal Block Graph of a Tree

We start with a few preliminary results.

Remark 2.1 The number of blocks in pathos total semitotal block graph Pis(T) of a tree T

is equal to the number of pathos in T'.

Remark 2.2 If the pathos length of the path P; of pathos in T is n, then the degree of the
corresponding pathos point in Py (T) is 2n + 1.

In the following theorem we obtain the number of points and lines in pathos total semitotal
block graph Pis,(T) of a tree T

Theorem 2.1 For any non-trivial tree T, the pathos total semi total block graph Pisp(T) of a
tree T, whose points have degree d;, then the number of points in Pisp(T) are (2¢ + k+ 1) and

the number of lines are

12
3g+2+-) d;
(e2+35)
where k is the path number.

Proof By Theorem A, the number of points in Pr, (T) are (2¢ + k + 1), and by definition
of Pisp(T'), the number of points in Pg(T') are (2q + k + 1), where k is the path number. Also

12

by Theorem A, the number of lines in Pr, (T) are <2q +2+ 3 Z df) The number of lines
i=1

in Pygp(T) is equal to the sum of lines in Pr, (T') and the number of lines which lie on the lines

(or blocks) of pathos, which are equal to ¢, since the number of lines are equal to the number
of blocks in a tree T'. Thus the number of lines in P4 (7)) is equal to

JRECR 1~ 5
q+(2q+2+§Zdi )]_3q+2+52di. O

i=1 i=1
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§3. Planar Pathos Total Semitotal Block Graphs

A criterion for pathos total semitotal block graph P:s,(T) of a tree T' to be planar is presented

in our next theorem.

Theorem 3.1 For any non-trivial tree T, the pathos total semi total block graph Pig,(T) of a

tree T is planar.

Proof Let T be a non-trivial tree, then in T}(7") each block is a triangle. We have the

following cases.

Case 1 Suppose G is a path, G = Pn : uj,us,us, - ,un,n > 1. Further, V [T,(T)] =
{u1,u2,uz, ++ ,Up,b1,b2,b3, - ,by_1}, where by, b, b3, -+ ,b,_1 are the corresponding block
points. In pathos total semi total block graph Pis(T) of a tree T, the pathos point w is
adjacent to, {uy, us, us, ..., un, b1,b2,b3,- - ,by_1}. For the pathos total semitotal block graph
Py (T) of a tree T, {uibjusw, usbousw, ugbsusw, -+ ;up_1bp_1upw} € V|[Pip(T)], in which
each set {u,—1bp—1u,w} forms an induced subgraph as K4. Hence one can easily verify that

each induced subgraphs of corresponding set {u,,—1b,—1unw} is planar. Hence P.g,(T) is planar.

Case 2 Suppose G is not a path. Then V [T,(G)] = {u1, ug, us, -+ , Un, b1,b2,b3,- -+ , b1} and
w1, wa, ws, - -+ , Wy be the pathos points.Since uy,_1u, is a line and w,—1up = by—1 € V [TH(G)].
Then in Py, (G) the set {wn—1,bp-1, tn, w} ¥V n > 1, forms K, as an induced subgraphs. Hence
P.s»(T) is planar. O

The next theorem gives a minimally nonouterplanar Pyg,(T).

Theorem 3.2 For any non-trivial tree T, the pathos total semitotal block graph P, (T) of a

tree T is minimally nonouterplanar if and only if T = K.

Proof Suppose T'= K3, and Pis(T') is minimally nonouterplanar, then T,(T) = K4 and
one can easily verify that i (Pisp(7T")) > 1, a contradiction.

Suppose T' # K2. Now assume T = K o and P, (7T") is minimally nonouterplanar. Then
Ty(T) = ks - ks. Since K; 2 has exactly one pathos and let v be a pathos point which is
adjacent to all the points of kg - k3 in Pisp(7"). Then one can easily see that, i (Pisp(T)) > 1 a
contradiction.

For converse, suppose T = Ko, then Ty(T) = K3 and P (T) = K4. Hence Pigp(T) is

minimally nonouterplanar. O
From Theorem 3.2, we developed the inner point number of a tree as shown in the following

corollary.

Corollary 3.1 For any non-trivial tree T with q lines, i (Pisp(T)) = q.

Proof The result is obvious for a tree with ¢ = 1 and 2. Next we show that the result is

true for ¢ > 3. Now we consider the following cases.

Case 1 Suppose T is a path, P : vy,vs2,...,v, such that vive = e1,vov3 = €2+ ,Up_1V, =



44 Muddebihal M. H. and Syed Babajan

en—1 be the lines of P. Since each e;,1 < i < n — 1, be a block of P, then in T,(P), each e;
is a point such that V[T,(P)] = V(P) U E(P). In Tp(P) each viejva, vzeav3, -+, Up_1€n—1Un
forms a block in which each block is k3. Since each line is a block in P,then the number of
k3’s in TH(P) is equal to the numbers of lines in P. In P (P), it has exactly one pathos.
Then V[P (P)] = V[Tp(P)] U {P} and P together with each block of T,(P) forms a block as
P.s(P). Now the points p, v, e1, v2 forms k4 as a subgraph of a block P (P). Similarly each
{va, e2,v3,p}, {vs, e3,v4,0}, -+, {Un_1,€n—1,0n,p} forms k4 as a subgraph of a block P;s(P).
One can easily find that each point e;,1 < ¢ < n — 1 lie in the interior region of k4, which
implies that i (Pisp(P)) = q.

Case 2 Suppose T is not a path, then T has at least one point of degree greater than two. Now
assume T has exactly one point v, degv > 3. Then T’ = K ,,. If P, (T) has inner point number
two which is equal to n = ¢. Similarly if n is odd then P4 (T") has n — 1 blocks with inner point
number two and exactly one block which is isomorphic to k4. Hence i [Py (K1 5)] = ¢q. Further
this argument can be extended to a tree with at least two or more points of degree greater two.
In each case we have i [P (T')] = q. O

In the next theorem, we characterize the noneulerian Py, (7).

Theorem 3.3 For any non-trivial tree T, the pathos total semitotal block graph Pig,(T) of a

tree T 1s noneulerian.

Proof We have the following cases.

Case 1 Suppose A(T) < 2 and if p = 2 points, then P, (T) = K4, which is noneulerian. If T is
a path with p > 2 points. Then in T},(T") each block is a triangle such that they are in sequence
with the vertices of Th(T') as {v1, b1, v2,v1 } an induced subgraph as a triangle in T3(7"). Further
{va, b2, v3,v2}, {v3,b3, 04,3}, -+, {Un—1,bn,Vn, Un_1}, in which each set form a triangle as an
induced subgraph of T,(T'). Clearly one can easily verify that T,(T) is eulerian. Now this path
has exactly one pathos point say k;, which is adjacent to vy, ve,vs, -+ ,vn,b1,b2,b3,-++ ,byp—1 in
Pisp(T) in which all the points vy, va,v3, ..., Upn, b1,b2,bs, -+ ;b1 € Pisp(T) are of odd degree.

Hence P;,(T) is noneulerian.

Case 2 Suppose A(T) > 3. Assume T has a unique point of degree > 3 and also assume that
T = Ki,,. Then in T}(T') each block is a triangle, such that there are n number of blocks which
are K3 with a common cut point k. Since the degree of a vertex k = 2n. One can easily verify
that T}, (K7 3) is eulerian. To form P, (T), T = K1 4, the points of degree 2 and the point k are
joined by the corresponding pathos point which gives points of odd degree in Pis,(T'). Hence

P.s(T) is noneulerian. O

In the next theorem we characterize the hamiltonian Py (7).

Theorem 3.4 For any non-trivial tree T, the pathos semitotal block graph P, (T) of a tree T
is hamiltonian if and only if T is a path.

Proof For the necessity, suppose T is a path and has exactly one path of pathos.
Let V [Tb (T)] = {ul, U2, U3,y " ,un}{bl, bg, b3, tee ,bn_l}, where bl, bg, b3, ey bn—l are
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block points of T. Since each block is a triangle and each block consists of points as By =
{u1,b1,us}, Bs = {ua,ba,us}, -, Bm = {tm,bm,Ums1}. In Pip(T) the pathos point w is
adjacent to {uy,u2,us, -, Up,b1,b2,b3, -+ ,by_1}. Hence V [Py (T)] = {1, uo,us, -+ ,upnt U
{b1,ba,b3, -+ ,bp_1} Uw form a spanning cycle as w, u1, b1, ug,bo, u2, -+, Up_1,bp_1, Upn,w of
Py (T). Clearly Pygp,(T) is hamiltonian. Thus the necessity is proved.

For the sufficiency, suppose Pig(7T') is hamiltonian. Now we consider the following cases.

Case 1 Assume T is a path. Then T has at least one point with degv > 3, V v € V(T),
suppose 1" has exactly one point u such that degree v > 2 and assume G =T = K ,. Now we

consider the following subcases of case 1.

Subcase 1.1 For Ki,,n > 2 and if n is even, then in T,(7T') each block is k3. The number
of path of pathos are n Since n is even we get — blocks in Pyq,(T), each block contains two
times of (K4) with some edges common. Since Pis(T") has a cut points, one can easily verify
that there does not exist any hamiltonian cycle, a contradiction.

1
Subcase 1.2 For K;,,n > 2 and n is odd, then the number of path of pathos are n—2i— ,

n—1

-1
+1 blocks in which ~—— blocks contains two times of (K4) which

is nonline disjoint subgraph of P,s,(T) and remaining blocks is (K4). Since Pigp(T) contain

since n is odd we get

a cut point, clearly Piq,(T) does not contain a hamiltonian cycle, a contradiction. Hence the

sufficient condition. O

84. Pathos Entire Total Block Graph of a Tree

A tree T, its total block graph Tz (T), and their pathos entire total block graphs Py (T') are

shown in Figure 2. We start with a few preliminary results.

Remark 4.1 If the pathos length of path P; of pathos in T is n, then the degree of the
corresponding pathos point in Py (T) is 2n + 1.

Remark 4.2 For any nontrivial tree T, the pathos entire total block graph P.:(T) is a block.

Theorem 4.1 For any non-trivial tree T, the pathos total block graph Pesw,(T) of a tree T, whose
points have degree d;, then the number of points in Pe,(T) are (2 + k + 1) and the number of

P

lines are (2(] + 24 Z d%) , where k is the path number.
i=1

Proof By Theorem C, the number of points in Pr,(T)are (2¢+ k + 1), by definition of

Pt (T), the number of points in Py (T') are (2¢ + k + 1), where & is the path number in 7.

18
Also by Theorem B, the number of lines in T5(T) are (2q + 3 Z dﬁ) . By Theorem C, The
i=1

P

number of lines in Pr, (T) are (q—i— 2+ de . By definition of pathos entire total block
i=1

graph P.;,(T) of a tree equal to the sum of lines in Pr, (T) and the number of lines which lie

on block points b; of Tg(T') from the pathos points P;, which are equal to ¢. Thus the number
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p p
of lines in P,y (T) = <q+2+Zd§> = <2q+2+2d§>. 0
1=1

=1

Figure 2

§5. Planar Pathos Entire Total Block Graphs

A criterion for pathos entire total block graph to be planar is presented in our next theorem.

Theorem 5.1 For any non-trivial tree T, the pathos entire total block graph Pew(T) of a tree
T is planar if and only if A(T) < 3.

Proof Suppose P (T) is planar. Then by Theorem D, each cut point of T lie on at
most 3 blocks. Since each block is a line in a tree, now we can consider the degree of cut
points instead of number of blocks incident with the cut points. Now suppose if A(T) < 3,
then by Theorem D, T(T) is planar. Let {b1,b2,b3, -+ ,bp—1} be the blocks of T with p
points such that by = ey, by = €2, ,bp,—1 = ep—1 and P; be the number of pathos of 7. Now
V[Pew(T)] = V(G)Uby, ba, b3, - -+ ,bp,—1 U{P;}. By Theorem D, and by the definition of pathos,
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the embedding of P (T) in any plane gives a planar Peg(T).

Conversely, Suppose A(T) > 4 and assume that P.y,(T) is planar. Then there exists at
least one point of degree 4, assume that there exists a vertex v such that degy = 4. Then
in Tp(T), this point together with the block points form ks as an induced subgraph. Further
the corresponding pathos point which is adjacent to the V(T') in Tp(T) which gives Pe(T)
in which again k5 as an induced subgraph, a contradiction to the planarity of P.y,(7"). This
completes the proof. O

The following theorem results the minimally nonouterplanar P, (T).

Theorem 5.2 For any non-trivial tree T, the pathos entire total block graph Pew(T) of a tree

T is minimally nonouterplanar if and only if T = k.

Proof Suppose T' = k3 and P.,(T) is minimally nonouterplanar. Then Ts(T') = k4 and
one can easily verify that, i(Pep (7)) > 1, a contradiction. Further we assume that T = K o
and Py (T) is minimally outerplanar, then Tg(T") is W, — x, where x is outer line of W),. Since
K1 2 has exactly one pathos, this point together with W, — = gives Wy41. Also in Pey(T') and
by definition of Py, (T') there are two more lines joining the pathos points there by giving W, 3.
Clearly, P.;,(T) is nonminimally nonouterplanar, a contradiction.

For the converse, if T' = ko, Tg(T') = k3 and P.(T) = K4 which is a minimally nonouter-
planar. This completes the proof of the theorem. 0

Now we have a pathos entire total block graph of a path p > 2 point as shown in the below
remark.

Remark 5.1 For any non-trivial path with p > 2 points, i[Pes(T)] = 2p— 3. The next theorem

gives a nonminimally nonouterplanar P (7).

Theorem 5.3 For any non-trivial tree T, the pathos entire total block graph Pewy(T) of a tree

T is nonminimally nonouterplanar except for T = ks.

Proof Assume T is not a path. We consider the following cases.

Case 1 Suppose T is a tree with A(T) > 3. Then there exists at least one point of degree
at least 3. Assume v be a point of degree 3. Clearly, T = K; 3. Then by the Theorem F,
i[Tp(T)] > 1. Since Tp(T) is a subgraph of P (T'). Clearly, i (Pey(T')) > 2. Hence Py (T) is

nonminimally nonouterplanar.

Case 2 Suppose T is a path with p points and for p > 2 points. Then by Remark 5.1,
i [Pen(T)] > 1. Hence P.y,(T') is nonminimally nonouterplanar. O

In the following theorem we characterize the noneulerian Py (T).

Theorem 5.4 For any non-trivial tree T, the pathos entire total block graph Peu(T) of a tree
T is noneulerian.

Proof We consider the following cases.
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Case 1 Suppose T is a path P, with n points. Now for n = 2 and 3 points as follows. For
p = 2 points, then P (T) = Ky, which is noneulerian. For p = 3 points, then P, (T) is a
wheel Ws together with two lines joining the non adjacent points in which one point is common

for these two lines as shown in the Figure 3, which is noneulerian.

b, b,
Pl
T
b, b,
Pl
Py(T)
Figure 3
For p > 4 points, we have a path P : vy,v2,vs,...,v,. Now in path each line is a block.
Then viv9 = €1 = bl,UQUg = €9 = bQ,...,Upfl’Up = €p—1 = bpfl, v ep—1 € E(G), and

V bp—1 € V[Tg(P)]. In T (P), the degree of each point is even except by and b,_i. Since
the path P has exactly one pathos which is a point of P (P) and is adjacent to the points
V1,V2,03, ..., Vp, of Tp (P) which are of even degree, gives as an odd degree points in Pe,(P)

including odd degree points b; and b,_;. Clearly P.s(P) is noneulerian.
Case 2 Suppose T is not a path. We consider the following subcases.

Subcase 2.1 Assume 7T has a unique point degree > 3 and T' = K ,,, with n is odd. Then in
Tp (T) each block is a triangle such that there are n number of triangles with a common cut
points k£ which has a degree 2n. Since the degree of each point in Tz (K7 ,,) is odd other than
the cut point k which are of degrees either 2 or n+ 1. Then P.y(T') eulerian. To form Py (T)
where T' = K, ,, the points of degree 2 and 4 the point k are joined by the corresponding
pathos point which gives (2n + 2) points of odd degree in Py (K1,,). Pew(T) has n points of
odd degree. Hence P,y (T') noneulerian.

Assume that T' = K ,, where n is even, Then in Tz (T') each block is a triangle, which
are 2n in number with a common cut point k. Since the degree of each point other than k is
either 2 or (n + 1) and the degree of the point k is 2n. One can easily verify that T (K1 )
is noneulerian. To form P.;;(T") where T' = K ,,, the points of degree 2 and 5 the point k are
joined by the corresponding pathos point which gives (n + 2) points of odd degree in Pes (T).
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Hence P.y,(T) noneulerian.

Subcase 2.2 Assume T has at east two points of degree > 3. Then V[Ts(T)] = V(G) U
b1,b2,b3,...,by, ¥V b, € E(G). In Tg (T), each endpoint has degree 2 and these points are
adjacent to the corresponding pathos points in P (T') gives degree 3, From case 1, Tree T
has at least 4 points and by Corollary [A], Pew(T') has at least two points of degree 3. Hence

P.;»(T) is noneulerian. O

In the next theorem we characterize the hamiltonian Py (7).

Theorem 5.5 For any non-trivial tree T, the pathos entire total block graph Pewy(T) of a tree

T is hamiltonian.

Proof we consider the following cases.

Case 1 Suppose T is a path with {uq,us,us,...,u,} € V(T) and by,be,bs, ..., by be the
number of blocks of T such that m = n — 1. Then it has exactly one path of pathos. Now
point set of Tg (T), V [Ts(T)] = {u1,u2, - ,un}t U {b1,ba,...,by}. Since given graph is a
path then in Ts (T), by = e1,ba = €a,...,bm = e, such that by, ba, b3, ..., by C V [Ts(T)].
Then by the definition of total block graph, {ui,us, ..., Um—1,Um} U {b1,b2, ..., byp—1,bm} U
{b1u1, baua, ... bptn_1,bmuy,} form line set of T (T') (see Figure 4).

bl b2 b3 bm
p. —""——F—" z:—.
u, U, U, U, n—1 u,
bl b2 bS bm
1) N NS N A
u, U, Uy u, u, u,
Figure 4

Now this path has exactly one pathos say w. In forming pathos entire total block graph of a
path, the pathos w becomes a point, then V' [Pe (T')] = {u1,ug, -+ ,un}U{b1, b2, ..., by} U{w}
and w is adjacent to all the points {u1,us, -+ ,u,} shown in the Figure 5.

In P.,(T'), the hamiltonian cycle w, uy, by, ug, ba, w2, g, b3, -+, Up—1, b, Un, w exist. Clearly
the pathos entire total block graph of a path is hamiltonian graph.

Case 2 Suppose T is not a path. Then T has at least one point with degree at least 3. Assume
that T" has exactly one point u such that degree > 2. Now we consider the following subcases
of Case 2.

Subcase 2.1 Assume T = K; ,,n > 2 and is odd. Then the number of paths of pathos are

1
nt . Let V[T(T)] = {u1,ua,...,upn,b1,b2,..., byy_1}. By the definition of pathos total
block graph. By the definition Pep(T) V [Petp(T)] = {u1, u2, .., Un,b1,ba, ..., b1} U {p1, p2,
“++,Pn+1/2}- Then there exists a cycle containing the points of By the definition of Py, (T') as
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p1,u1, b1, ba, us, P2, uz, b3, ug, - - - ,p1 and is a hamiltonian cycle. Hence Py, (T') is a hamiltonian.

Figure 5

Subcase 2.2 Assume T = Kj ,,n > 2 and is even. Then the number of path of pathos
are E, then V [Ts(T)] = {u1,u, - ,upn,b1,ba,--+ ,by—1}. By the definition of pathos en-
tire total block graph Peu(T) of a tree T. V [Pep(T)] = {u1,ua,- -+ ,upn,b1,b2, -+ b1} U
{p1,p2,--- ,pn/2}. Then there exist a cycle containing the points of P (T') as p1,u1, by, ba,
us, P2, U4, b3, ba, - -+ ,p1 and is a hamiltonian cycle. Hence P (T') is a hamiltonian.

Suppose T is neither a path nor a star, then T contains at least two points of degree
> 2. Let uj,us,us, - ,u, be the points of degree > 2 and wvi,vs,vs,- -, v, be the end
points of T. Since end block is a line in T, and denoted as by, ba, -+ , by ,then V [Ts(T)] =
{ur,ugy ... upt U{vr,va,. .0} U {b1,ba,...,br},and tree T has p; pathos points, ¢ > 1 and
each pathos point is adjacent to the point of T' where the corresponding pathos lie on the points
of T. Let {p1,p2,- - ,pi}be the pathos points of T. Then there exists a cycle C' containing all
the points of Py (T), as p1,v1, b1, va, p2, u1, b3, U2, D3, V3, ba, Vyn—1,bpn—1,bpn, Um, ..., p1. Hence
P.(T) is a hamiltonian cycle. Clearly, Py (T) is a hamiltonian graph. O

In the next theorem we characterize P.y,(T) in terms of crossing number one.
Theorem 5.6 For any non-trivial tree T, the pathos entire total block graph Pew(T) of a tree

T has crossing number one if and only if A(T) < 4, and there exist a unique point in T of

degree 4.
Proof Suppose Py (T') has crossing number one. Then it is nonplanar. Then by Theorem

5.1, we have A(T') < 4. We now consider the following cases.

Case 1 Assume A(T) = 5. Then by Theorem [F], Tz (T) is nonplanar with crossing number
more than one. Since T (T) is a subgraph of Pr, (T). Clearly cr (Pr, (T)) > 1, a contradiction.

Case 2 Assume A(T') = 4. Suppose T has two points of degree 4. Then by Theorem F, Ts (T')
has crossing number at least two. But T (T') is a subgraph of P.;;,(T"). Hence cr (Pey,(T)) > 1,
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a contradiction.

Conversely, suppose T satisfies the given condition and assume T has a unique point v of
degree 4. The lines which are blocks in 7" such that they are the points in 75 (T). In T (T),
these block points and a point v together forms an induced subgraph as k5. In forming Pey (7)),
the pathos points are adjacent to at least two points of this induced subgraph. Hence in all
these cases the cr (P (T)) = 1. This completes the proof. O
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81. Introduction

In the last two decades there has been tremendous progress in the theory of folding. The notion
of isometric folding is introduced by S. A. Robertson who studied the stratification determined
by the folds or singularities [10]. The conditional foldings of manifolds are defined by M. El-
Ghoul in [8]. Some applications on the folding of a manifold into it self was introduced by P.
Di. Francesco in [9]. Also a folding in the algebra’s branch introduced by M.EI-Ghoul in [7].
Then the theory of isometric foldings has been pushed and also different types of foldings are
introduced by E. El-Kholy and others [1,2,5,6].

Definition 1.1([4]) A non empty set G on which is defined s > 1 associative binary operations
x 1s called a multi-semigroup, if for all a,b € G,axb € G, particularly, if s = 1, such a

multi-semigroup is called a semigroup.
Example 1 Z, ={0,1,2,...,p— 1} is a semigroup under multiplication p, p € Z*.

Definition 1.2([4]) A subset H is a subsemigroup of G if H is closed under the operation of
G ; that it if axbe H for all a,b e H.

Definition 1.3 A multi-group (G, O) is a non empty set G together with a binary operation
set O on G such that for « € O, the following conditions hold:

(1) Ya,b € G thenaxb € G.

(2) There exists an element e € G such that axe =e*xa = a, for all a € G.

1 1

(3) For a € G there is an element a=' in G such that axa ™' =a ' xa=e.

Particularly, if |O| = 1, such a multi-group is called a group and denoted by G

1Received January 17, 2012. Accepted June 14, 2012.
2Current Address: Qassim University,College of Science, Dept. of Math., P. O. Box 6644, Buriedah 51452,
Al Qassim, Saudi Arabia
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A group G is called Abelian if a *b = bx a for all a,b € G. The order of a group is its

cardinality, i.e., the number of its elements. We denote the order of a group G by |G]|.

Definition 1.4([3]) The group G is called a cyclic group of order n, if there exists an element
g € G, such that G = {g) = {g |g" = 1}. In this case g is called a generator of G.

Definition 1.5([3]) The dihedral group Da,, of order 2n, is defined in the following equivalent
ways: Doy = {a,b | a®> =b" =1,bab= a}.

Definition 1.6([3]) A subset H is a subgroup of G ,H < G, if H is closed under the operation
of G ; that it if axb € H for all a,b € H.

Definition 1.7([3]) The trivial subgroup of any group is the subgroup {e}, consisting of just
the identity element.

Definition 1.8([3]) A subgroup of a group G that does not include the entire group itself is
known as a proper subgroup, denoted by H < G.

Theorem 1.1 Every subgroup of a cyclic group is cyclic.

82. Group Folding

In this section we give the notions of group folding and discuss the folding of some kinds of

groups

Definition 2.1 Let G1,G2 are two groups, The group folding g.f of G1 into Go is the map
f . (Gl,*) — (GQ,O) st.
Vae Gy, fla)=b,fla)=0b""

where b € Gy and f(G1) is subgroup of Ga.
Definition 2.2 The set of singularities Y f is the set of elements a; € G such that f(a;) = a;.

Definition 2.3 A group folding is called good group folding g.g.f if H is non trivial subgroup
of G.

Proposition 1.1 The limit of group folding of any group is {e} .

Proof Let G be any group and since any group has two trivial subgroups (G, *), ({e} , *) ,where
({e},*) is the minimum subgroup of G. Then if we define a sequence of group folding
fi : (G, %) — (G, %), such that f(a;) =b; , f(a; ') = b; *. We found that lim f;(G) = {e}. O

Theorem 2.1 Let G be cyclic group G = {g: g? =1}, where p is prime. Then there is no
g.g.f map can be defined on G.

Proof Given G is cyclic group of order p, since p is prime. Then there is no proper subgroup

can be found in GG. Hence we can not able to defined any g.g.f map on group G. O
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a1 Q2

Theorem 2.2 Let G be cyclic group G = {g : g* = 1}, wherep = ¢7'¢5% -+ - qo™ and q1,q2," -+ ,qn

are distinct prime number. Then the limit of g.g.f map of G is the proper subgroup , H =
P

{g9: ()% =1},

a1 2

Proof Since G be cyclic group and |G| = p = ¢7'¢5% - ¢, q1,q2, "+ ,qn are distinct
prime number. Then there exist proper subgroup H < G such that |H| = k. So we can defined
g.g.f map fi; : G — G, such that fi(G) = H, after this there exist two cases.

Case 1. If k is prime number then we can not found a proper subgroup of H and so
dim fi(G) = H and k= q;,1 i <n, fi(G) = H={g%: (g)7 =1}.

Case 2. If kisnot prime. Then k = g7 ¢5? - - - ¢&™, m < n, hence there exist a proper subgroup
H < H, ’fl’ = k. Thus we can defined a g.g.f map fo : H — H, such that fo(H) = H. Again
if |H| is prime. Then _li}m (G =H, k=q,1<i<m, fi(G)=H= {gqi : (g‘li)q% = 1} or,
if |f_I| =k is not prim;. Toﬁen we can repeat the Case I again. Finally the limit of g.g.f of G
is the subgroup H = {g‘ﬁ : (gqi)q% = 1}. O

Corollary 2.1 Ifp = q“ then the limit of g.g.f map of G is a subgroup H = {gq : (gq)g = 1} .

Example 2 Let G = {g:¢'? =1} be a cyclic group, |G| = 12 = 22.3, so we can defined a
g.g.f map as the following f; : G — G, such that:

f1(1) =1, f1(8*) = g% f1(9"") = 9",
filg") = g* f1(9°) = ¢°, f1(g®) = 47,
f(g®) =g f1lg") = 9",

fig®) = g* f1(¢”) = ¢°,

filg) = ¢°% filg") = ¢°

and f1(G) = H = {1, 92, g%, 4%, g%, glo}, since the order of H is not prime then we can defined
a g.g.f map as the following f5 : H — H such that

g4,gs} is proper subgroup of H. Since the order of H is prime, then

(g")* =1}

Proposition 2.2 For any dihedral group Day, = {a,b |a =b™ = 1,bab =1}, we can defined a
g.g.f map.

oS pNe D}

Theorem 2.3 Let Dy, be a dihedral group ,where n = q7'q3*---q%m and q1,q2, -+ ,qm are
distinct prime number. Then the limit of g.g.f of Da, is one of these H; = {l,abi} Q=
1,2,---,nor H; = {bqi (bqi)q% = 1}71': 1,2,---,m.
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Proof Let Da, = {a,b|a=0b"=1,bab= 1} be a dihedral group of order 2n. Then the
group Ds,, has n proper subgroups H; = {1, abi} ,i=1,2,....,n of order 2, and so we can defined
a g.g.f map f: Dy, — Do, such that f(Da,) = H;.

Also since the dihedral group has proper cyclic subgroup H = {b|b™ = 1}. Then we can
defined a g.g.f map f : Do, — Day,, such that f(Da,) = {b|b™ = 1}, and since the subgroup

H = {b|b™ = 1} be cyclic group of order n = ¢7"¢5? - - - ¢%m. Thus by applying the Theorem
2.2 we get that lim f;(D2,) = H = {bQi|(bqi)qli = 1} i=1,2,--,m. 0

83. Group Folding of the Direct Product of Groups

In this section we discuss the group folding of direct product of groups. Let f1 : (G1,%) —
(G1,%), fa: (Ga,%) — (Ga,%) are two g.g.f maps. Then we define the direct product of the
f1, f2 as the following:

fl X fg : (Gl X Gg,*) — (Gl X Gg,*)
Va € G1,b € G2, (f1 x fa) (a,b) = (fi(a), f2(D))

Theorem 3.1 The direct product of two g.g.f maps are g.g.f map also, but the converse is

not always true.

Proof Since f1 : (G1,*) — (G1,%), fa : (G2,%) — (Ga,*) are two g.g.f maps then there
exist two proper subgroups Hy, Hs of G1, G2 respectively, such that f1(G1) = Hy, f2(G2) = Ha.
As the direct product of the any two proper subgroups are proper subgroups. Hence H; x Hy <
G1 X G2. Now we will proof that the map, f* = f1 X fo : G1 x G — G1 X G4 is g.g.f map.
Let a,b € G1,G2 and ¢,d € Hy, Hs respectively, then we have:

[ (a,b) = (f1 x f2) (a,b) = (fi(a), f2(b)) = (¢,d) € H1 x Ha,
o) =(fAxf)(aho )= (cd ) e H x Ha.
Hence the map f* is g.g.f map. To proof the converse is not true, let G; = {91 | g7 = 1}

,Go = { g2 | g5 = 1} be cyclic groups and since the order of them are prime then from Theorem

2.1, we can not able to define a g.g.f map of them. But the direct product of Gy, G is

Gl X G2 = {(17 1)7 (1792)7 (1795)7 (917 1)7 (91792)7 (glugg)} .
and since the |(G; x G2)| = 6. Hence G x G2 has a proper subgroup H = {(1,1), (1, g2)} and
so we can define the g.g.f map f* : Gy X Ga — G X G2 as the following:
1) =(1,1),
792) = (1792)7 f*(glu 1) = (17 1)7
91792) = (1792)7
glvgg) = (1792)

This completes the proof. O
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84. Folding of Semigroups

In this section we will be discuss the folding of semigroups into itself. Let (G, *) be a commu-

tative semigroup with identity 1, i.e. a monoid.

Definition 4.1([4]) A nonzero element a of a semigroup G is a left zero divisor if there exists
a nonzero b such that a b = 0. Similarly, a is a right zero divisor if there exists a nonzero

element ¢ € G such that cxa = 0.

The element a is said to be a zero divisor if it is both a left and right zero divisor. we will

denote to the set of all zero-divisors by Z(G), and the set of all elements which have the inverse
by I(G).

Definition 4.2 The zero divisor folding of the semigroup G, z.d.f, is the map f, : (G,*) —
(G, ), st.

0 ifx=0
fo(z) = a ifexa=0, x,a#0
v iferat0, 2,a40

where a € Z(Q).

Note that f,(G) may be semigroup or not. We will investigate the zero divisor folding for
Z,, semigroups.

Definition 4.3 Let Z;, be a semigroup under multiplication modulo p. The z.d.f map of Zj,
is the map f,: (G,.) — (G,.), st.

0 ifx=0
f(@) =19 ¢ ifrg=0, z,q #0
T ifzq# 0, z,q#0

where g € Z(Zy ), is the greatest divisor of p.
Proposition 4.1 If the order of Z, is prime. Then f.(G) = G, i.e. f. is identity map.

Proof Since the order of semigroup Z, is prime. Then the semigroup Z, has not got any
zero divisor, and so the z.d.f which can defined on Z, the identity map f.(z) = z, for all
T € L. 0

Theorem 4.1 Let Z,be semigroup of order p, then z.d.f of Z, into itself is a subsemigroup
under multiplication modulo p. Has one zero divisor if 4 | p or has not any zero divisor if 41 p.

Proof Let Z, be semigroup under multiplication modulo p. Then Z,, consists of two subsets
Z(Lp), 1(Zp).
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Case 1. If p is even, then the z.d.f map defined as follows:

0 ifz=0:
f(x) =9 L ifzeZ(Z,), vis even;
z ifxeZ(Zy), xis odd orz € I(Zy),
where P is the greatest divisor of p. Hence f,(Z,) = I(ZP)U{O, B, T, ,xn}, where 1, -+ , T,

are odd zero divisors and z;.x; # 0, for all ¢,j = 1,--- ,n. Notice that f.(Z,) = I(Z,) U

{0, g, T1,- - ,:En} is subsemigroup under multiplication modulo p. If 4 | p then 5% =0, hence

the subsemigroup f.(Z,) has one zero divisor g Otherwise, if 4 1 p then g, g # 0. And so

H =1(Z,) U {0, g,xl, e ,:En} is subsemigroup under multiplication modulo p without any

zero divisor.
Case 2. If p is odd, then the z.d.f map defined as follows:
0 ifz=0;
f(x) =< q ifze€ Z(Z,), xis odd;

z ifxe Z(Zy), xisevenor z € I(Zy),

where ¢ is the greatest divisor of p. Hence f,(Z,) = I(Z,)J{0,q, 1, -+ ,&n}, where z1,--- , 2y
are even zero divisors and z;.z; # 0 for all 4,5 = 1,---,n. Notice that f,(Z,) = I(Z,) U
{0,q, 21, ,zn} is subsemigroup under multiplication modulo p, and since p is odd. Then
f2(Z — p) has not any zero divisor. O

Corollary 4.1 If Z, be semigroup under multiplication modulo p and p = (¢)™,m € N. Then
f2(Zyp) = I(Zy) U{0,q™ 1} is subsemigroup under multiplication modulo p.

Example 3. (1) Let Z1o = {0,1,2,3,---,9} be semigroup under multiplication modulo 10.
Since p = 10 is even then the z.d.f map defined as follows:

0 ifz=0;
f(x) =14 5 ifze{2,4,86};
¢ ifze{1,3,7,9,5).
Thus f.(Z10) = {0,1,3,7,9,5}. Obviously, f.(Z1) is a subsemigroup under multiplication
modulo 10. Since 4 1 10, then f.(Z10) has not any zero divisor.

(2) Let Z12 ={0,1,2,3,cdots, 11} be a semigroup under multiplication modulo 12. Since
p = 12 is even then the z.d.f map defined as follows:

0 ifx=0;
f(x) =14 6 ifxc{2,4,6,810};
z ifr €{1,3,5,7,9}.

Hence f.(Z12) = {0,1,3,7,9,5,6}. Obviously, f.(Z12) is a subsemigroup under multiplication
modulo 12 and 6 is a zero divisor.
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§1. Introduction

In 1986, B. D. Acharya introduced the concept of set-indexer of a graph G which is an as-
signment of distinct subsets of a finite set X to the vertices of G subject to certain conditions.
Based on this, the notions of set-graceful and set-semigraceful graphs were derived. Later many
authors have studied about set-graceful graphs and obtained many significant results.

This paper sheds more light on set-semigraceful graphs. Apart from many classes of set-
semigraceful graphs, several properties of them are also investigated. Certain bounds for the
order and size of set-semigraceful graphs are derived. More set-semigraceful graphs from given

ones are also obtained through various techniques of graph theory.

§2. Preliminaries

In this section we include certain definitions and known results needed for the subsequent
development of the study. Throughout this paper, I, m and n stand for natural numbers
without restrictions unless and otherwise mentioned. For a nonempty set X, the set of all
subsets of X is denoted by 2X. We always denote a graph under consideration by G and its
vertex and edge sets by V and E respectively and G’ being a subgraph of a graph G is denoted
by G’ C G. When G’ is a proper subgraph of G we denote it by G’ C G. By the term graph
we mean a simple graph and the basic notations and definitions of graph theory are assumed

to be familiar to the readers.

1Received December 1, 2011. Accepted June 15, 2012.
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Definition 2.1([1]) Let G = (V, E) be a given graph and X be a nonempty set. Then a mapping
f:V—=2%X orf:E—2X orf:VUE — 2% is called a set-assignment or set-valuation of

the vertices or edges or both.

Definition 2.2([1]) Let G be a given graph and X be a nonempty set. Then a set-valuation
f:VUE — 2% is a set-indexer of G if

1. f(uww) = f(u) ® f(v),Yuv € E, where ‘@’ denotes the binary operation of taking the
symmetric difference of the sets in 2%

2. the restriction maps f|v and f|g are both injective.

In this case, X is called an indexing set of G. Clearly a graph can have many indexing sets and
the minimum of the cardinalities of the indexing sets is said to be the set-indexing number of

G, denoted by v(G). The set-indexing number of trivial graph K, is defined to be zero.
Theorem 2.3([1]) Every graph has a set-indexer.
Theorem 2.4([1]) If X is an indexing set of G = (V, E). Then

() |E| <2l -1 and
(i1) [logo(|E|+1)] < ~(G) < |V| =1, where [ ] is the ceiling function.

Theorem 2.5([1]) If G’ is subgraph of G, then v(G') < v(G).
Theorem 2.6([3]) The set-indexing number of the Heawood Graph is 5.
Theorem 2.7([2]) The set-indexing number of the Peterson graph is 5.
Theorem 2.8([13]) If G is a graph of order n, then ¥(G) > v(K1,n-1).
Theorem 2.9([13]) (K1) =n+ 1 if and only if 2" < m < 2"t — 1.
Theorem 2.10([15]) v(Py) =n + 1, where 2" < m < 271 — 1.

Definition 2.11([17]) The double star graph ST (m,n) is the graph formed by two stars K1 m
and K, by joining their centers by an edge.

Theorem 2.12([16]) For a double star graph ST (m,n) with |V|=2', 1> 2,

l if m is even,

Y(ST (m,n)) = ‘ .
l+1 4fm is odd.

Theorem 2.13([16]) (ST (m,n)) =1+ 1if2!+1<|V| <2t —1;1> 2.
Theorem 2.14([1]) ~(C5) = 4.

Theorem 2.15([1]) ~(Cs) = 4.
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Definition 2.16([11]) The join K1V P,_1 of K1 and P, is called a fan graph and is denoted
by F,.

Theorem 2.17([15]) ~(F,) = m + 1, where m = [logan| and n > 4.

Definition 2.18([6]) The double fan graph is obtained by joining P, and K.

n—1 4if1<n<5h

Theorem 2.19([1]) ~v(K,) =
n—2 if6<n<7

6 if 8<n<9
Theorem 2.20([1]) v(K,) =<7 if 10<n <12
8 if 3<n<15
Definition 2.21([10]) For a graph G, the splitting graph S'(G) is obtained from G by adding

for each vertex v of G, a new vertex say v’ so that v' is adjacent to every vertex that is adjacent

to v.

Definition 2.22([4]) An n-sun is a graph that consists of a cycle C,, and an edge terminating

in a verter of degree one attached to each vertex of C,,.

Definition 2.23([8]) The wheel graph with n spokes, W, , is the graph that consists of an n-cycle

and one additional vertez, say u, that is adjacent to all the vertices of the cycle.

Definition 2.24([11]) The helm graph H, is the graph obtained from a wheel W, = C,, V K3
by attaching a pendant edge at each vertex of Cp,.

Definition 2.25([10]) The twing is a graph obtained from a path by attaching exactly two

pendant edges to each internal vertex of the path.

Definition 2.26([3]) The triangular book is the graph K2V Ny, where Ny, is the null graph of
order m.

Definition 2.27([6]) The Gear graph is obtained from the wheel by adding a vertex between

every pair of adjacent vertices of the cycle.

Definition 2.28([10]) Embedding is a mapping ¢ of the vertices of G into the set of vertices of
a graph H such that the subgraph induced by the set {((u) : u € V(G)} is isomorphic to G; for

all practical purposes, we shall assume then that G is indeed a subgraph of H.

Definition 2.29([1]) A graph G is said to be set-graceful if v(G) = log2(|E| + 1) and the

corresponding optimal set-indexer is called a set-graceful labeling of G.
Theorem 2.30([9]) Every cycle Con_1, n > 2 is set-graceful.
Theorem 2.31([10]) K35 is not set-graceful.

Theorem 2.32([15]) v(Han_1) =n+2 forn > 2.
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Theorem 2.33([1]) The star K1,9n_1 is set-graceful.

§3. Certain Properties of Set-Semigraceful Graphs

In this section we derive certain properties of set-semigraceful graphs and obtain certain bounds

for the order and size of such graphs.

Definition 3.1([1]) A graph G is said to be set-semigraceful if v(G) = [log2(|E| + 1)].

Remark 3.2 (1) The Heawood graph is set-semigraceful by Theorem 2.6.

(2) The stars are set-semigraceful by Theorem 2.9.

(3) The Paths P,,; n # 2™, m > 2 are set-semigraceful by Theorem 2.10.

(4) K, is set-semigraceful if n € {1,---,7,9,12} by Theorems 2.19 and 2.20.

(5) The Double Stars ST (m,n); m +n # 2!, m is odd are set-semigraceful by Theorems
2.12 and 2.13.

(6) The helm graph Hon_1 is set-semigraceful by Theorem 2.32.

(7) All set graceful graphs are set-semigraceful.

(8) The path Py is set-semigraceful but it is not set-graceful.

(9) A graph G of size 2™ — 1 is set-semigraceful if and only if it is set-graceful.

(10) Not all graphs of size 2™ — 1 is set-semigraceful. For example K35 is not set-

semigraceful by Theorem 2.31.

The following theorem is an immediate consequence of the above definition.

Theorem 3.3 Let G be a (p,q)-graph with v(G) =m. Then G is set-semigraceful if and only
if2ml<g<2m—1.

Corollary 3.4 Let G' be a (p,q') spanning subgraph of a set-semigraceful (p, q)-graph G with
q > 271 Then G' is set-semigraceful.

Proof The proof follows from Theorems 2.4 and 3.3. O

Remark 3.5 (1) The Peterson graph is not set-semigraceful by Theorem 2.7.

(2) The paths Pom; m > 2 are not set-semigraceful by Theorem 2.10.

(3) The double stars ST (m,n); m+n = 2!, m is odd are not set-semigraceful by Theorem
2.12.

(4) K, is not set-semigraceful if n € {8,10,11, 13,14, 15} by Theorem 2.20.

Corollary 3.6 Let T be a set-semigraceful tree of order p, then 27(T)=1 41 < p < 27(T),

While Theorem 3.3 gives bounds for the size of a set-semigraceful graph in terms of the

set-indexing number, the following one gives the same in terms of its order.

Theorem 3.7 Let G be a set-semigraceful (p, q)-graph. Then

2[loggp—\—l S q S 2|—l092(P(p2’1)+1)—| 1
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Proof By Theorems 2.4, 2.5 and 2.8, we have

(logap] < ¥(Kypor) < G) = [ogalq +1)] < [m(w n 1)] |

Now by Theorem 3.3 we have

2”09217—‘—1 S q S 2|—log2(P(P;1)+1)] —1. O

Remark 3.8 The converse of Theorem 3.7 is not always true. By Theorem 2.14 we have,
[log2(|E(Cs)| +1)] = [log26] = 3 < v(C5) = 4. But Cs is not set-semigraceful even if 2% <
|E(Cs)| < 2% —1 holds. Further as a consequence of the above theorem we have the graphs
Ce U3K;1, C5 U4K; and C5 U 2K, are not set-semigraceful.

Remark 3.9 By Theorem 2.5, for any subgraph G’ of G, v(G’) < ~(G). But subgraphs of
a set-semigraceful graph need not be set-semigraceful. For example Kj is set-semigraceful but
the spanning subgraph Cy of Kj is not set-semigraceful, by Theorem 2.19.

In fact the result given by Theorem 3.3 holds for any set-semigraceful graph as we see in
the following.

Theorem 3.10 Fvery connected set-semigraceful (p,p — 1)-graph is a tree such that
277171 + 1 S p S 2m
and for every m, such a tree always exists.

Proof Clearly every connected (p,p — 1) graph T is a tree and by Theorem 3.3 we have
2m=1 11 < p < 2™ if T is set-semigraceful. On the other hand, for a given m, the star graph
K gm_j is set-semigraceful. O

Theorem 3.11 If the complete graph K,; n > 2 is set-semigraceful then

2m — 1 < ~v(K,) <2m+1, where, m = |logan|.

Proof If K, is set-semigraceful then

[1092@4—1—‘ = (K, > POQQWW

= [logan + loga(n — 1) — loga2]
= [logan +loga(n — 1) —1].
For any n, there exists m such that 2™ < n < 2™+ — 1 5o that from above y(K,) > 2m — 1.

But we have

v(K,) = [1092@ + 1] = [ZOQQW—‘ <2m+1.
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Thus we have 2m — 1 < y(K,,) < 2m+ 1; m = |logan]. O

Remark 3.12 The converse of Theorem 3.11 is not always true. For example, by Theorem
2.20 we have

2 |logan] —1 < v(Ks) < 2|logan| + 1.

But the complete graph Ky is not set-semigraceful. Also by Theorems 2.20 and 3.11 we have

Ki3, K14 and K;5 are not set-semigraceful.

Theorem 3.13 If a (p,q)-graph G has a set-semigraceful labeling with respect to a set X of
cardinality m > 2, there exists a partition of the vertex set V(G) into two nonempty sets Vi and

Vo such that the number of edges joining the vertices of Vi with those of Vs is at most 2™~1.

Proof Let f:V UE — 2% be a set-semigraceful labeling of G with indexing set X of
cardinality m. Let V3 = {u € V : |f(u)| is odd} and V2 = V — V5. We have |A® B| =
|A| + |B| — 2|A N B| for any two subsets A, B of X and hence |A @ B| = 1(mod 2) & A and
B does not belong to the same set V;; i = 1,2. Therefore all odd cardinality subsets of X in
f(E) must appear on edges joining V7 and V;. Consequently there exists at most 2™~1 edges
between Vi and V5. O

Remark 3.14 In 1986, B.D.Acharya [1] conjectured that the cycle Can_1; n > 2 is set-graceful
and in 1989, Mollard and Payan [9] settled this in the affirmative. The idea of their proof is
the following:

Consider the field GF(2") constructed by a binary primitive polynomial say p(x) of degree
n. Let a be a root of p(z) in GF(2"). Then GF(2") = {0,1,a,0?,...,a*"~2}. Now by
assigning o’ ~'mod p(a), 1 < i < 2"—1, to the vertices v; of the cycle Con _1 = (v1,...,v9n_1,01)
we get a set-graceful labeling of Cyn»_; with indexing set X = {1,a,a?,...,a" !}. Note that
here a/mod p(a) = aga® + ajat +... +a,_ 10" a; =0o0r 1 for 0 <i<n—1witha® =

and we identify it as {a;a’/ a; = 1; 0 <4 < n — 1} which is a subset of X.

Theorem 3.15 All cycles Cy, with 2" —1 <k <27 +2"~1 —2 n > 3 are set-semigraceful.

Proof The cycle Con_1 = (v1,v9,- -+ ,v2n_1,v1) has a set-graceful labeling f as described
in the above Remark 3.14. Take [ = 2""! — 1 new vertices ui, --,u; and form the cycle
Conqi—1 = (v1,u1, V2,3, Us, Vg, Vs, Ug, U, U7, "+ = , Van_3, Uj, Van_2,Van_1,01). Now define a set-

indexer g of Can ;1 with indexing set Y = X U {z} as follows: g(v;) = f(v;); 1 <i<2"—1
and g(u;) = f(vej—1,v95) U{z}; 1 < j <l. Then by Theorem 2.4 we have v(Conii—1) =n+ 1.
Now by removing the vertices u;; 2 < j <[ and joining vg;_1v9; in succession we get the cycles
Conqi—9, Conyi_3,...,Con. Clearly g induces optimal set-indexers for these cycles by Theorem
2.4 and v(Ck) =n+1; 2™ < k < 2™ 41 — 2 so that these cycles are set-semigraceful. O

Theorem 3.16 The set-indexing number of the twing graph obtained from Pon_1 isn+2;n >3

and hence it is set-semigraceful.

Proof Let Pon_1 = (v1,...,v9n_1). By Theorem 2.10 we have y(Pan_1) = n. Let f be
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an optimal set-indexer of Po»_q with indexing set X. Let T be a twing graph obtained from
Pyn_1 by joining each vertex v;; @ € {2,3,--+,2™ — 2} of Pan_1 to two new vertices say u; and
w; by pendant edges. Consider the set-indexer g of T with indexing set Y = X U {x, y} defined
as follows: g(v) = f(v) for all v € V(Pan_1), g(u;) = f(u;i—1) U{z} and g(w;) = f(u;—1) U {y};
2 <4 < 2" —2. Consequently v(T) < n+ 2. But by Theorem 2.4 we have

[log2(|E(T)| 4+ 1)] = [loga(2" —2+2" =3+2" =3+ 1) =n+2 < (7).

Thus T is set-semigraceful. g

84. Construction of Set-Semigraceful Graphs

In this section we construct more set-semigraceful graphs from given ones through various graph

theoretic methods.

Theorem 4.1 Every set-semigraceful (p,q)-graph G with v(G) = m can be embedded in a
set-semigraceful (2™, q)-graph.

Proof Let f be a set-semigraceful labeling of G with indexing set X of cardinality m =
~v(G). Now add 2™ — p isolated vertices to G and assign the unassigned subsets of X under f

to these vertices in a one to one manner. Clearly the resulting graph is set-semigraceful. O

Theorem 4.2 A graph G is set-semigraceful with v(G) = m, then every subgraph H of G with
2m=1L < |E(H)| < 2™ — 1 is also set-semigraceful.

Proof Since every set-indexer of GG is a set-indexer of H, the result follows from Theorem
2.4. O

Corollary 4.3 All subgraphs G of the star K, is set-semigraceful with the same set-indexing
number m if and only if 2™~ < |E(G)| < 2™ — 1.

Proof The proof follows from Theorems 4.2 and 2.9. O
Theorem 4.4 If a (p,p — 1)-graph G is set-semigraceful, then GV Nan_1 is set-semigraceful.

Proof Let G be set-semigraceful with set-indexing number m. By Theorem 2.4 we have

’Y(G\/Ngn_l) > [lng(|E(G\/N2n_1)| +1)-|
[loga(p — 1+ p(2" — 1) +1)]
= [logap(2")] = [log2(2") + log2(p)| = n+ m.

Let f be a set-semigraceful labeling of G with indexing set X of cardinality m. Consider the
set Y = {y1,...,yn} and let V(Nan_1) = {v1,...,v,}. We can find a set-semigraceful labeling
say g of GV Nan_1 with indexing set X UY as follows: g(u) = f(u) for all u € V(G) and assign
the distinct nonempty subsets of Y to the vertices vq,...,v, in any order. Thus G V Nan_; is

set-semigraceful. O
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Remark 4.5 The converse of Theorem 4.4 is not true in general. For example consider the
wheel graph W5 = C5 V K1 = (u1,uz,...us,u1) V {u}. Now assigning the subsets {a}, {a,b},
{a,b,c}, {a,d}, {a,b,c,d} and ¢ of the set X = {a,b,c,d} to the vertices uq,...,us and u in

that order we get W5 as set-semigraceful whereas C5 is not set-semigraceful by Theorem 2.14.

Corollary 4.6 The triangular book KoV Non_1 is set-semigraceful.

Proof The proof follows from Theorems 4.4 and 2.10. O

Theorem 4.7 The fan graph F,, is set-semigraceful if and only if n # 2™ +1; n > 4.

Proof Tf n—1 # 2™, by Theorem 2.10 we have P, _; is set-semigraceful so that by Theorem
4.4, F, = P,_1 V K is set-semigraceful.

Conversely if F), is set-semigraceful, then by Theorem 3.3, we have
Y(F,) = [loga(n — 1+ n —2+1)] = [log2(2n — 2)| = [loga(n —1)] + 1.

But by Theorem 2.17 we already have v(F,,) = [logan] + 1. Consequently we must have
n#£2m 4. O

Theorem 4.8 FEvery graph can be embedded as an induced subgraph of a connected set-

semigraceful graph.

Proof Let {v1,...,v,} be the vertex set of the given graph G. Now take a new vertex
say u and join it with all the vertices of G. Consider the set X = {x1,...,2,}. Let m =
2" — (|E| +n) — 1. Take m new vertices uq,. ..Uy, and join them with u. A set-indexer of the
resulting graph G’ can be defined as follows: Assign ¢ to u and {x;} to v;; 1 < i < n. Let
S={f(e): ec E}U{{x;} : 1 <1i<mn}. Notethat |S| =|E|+ n. Now by assigning the m
elements of 2% — (S U @) to the vertices uy,. .. ,u,, in any order we get a set-indexer of G’ with

X as the indexing set, making G’ set-semigraceful. O

Theorem 4.9 The splitting graph S’(G) of a set-semigraceful bipartite (p,q)-graph G with
Y(G) =m and 3q > 2™+ is set-semigraceful.

Proof Let f be an optimal set-indexer of G with indexing set X of cardinality m. Let
Vi =A{v1,...,v,} and Vo = {uq,...,u;} be the partition of V(G), where n = p — k. Since G
is set-semigraceful with v(G) = m, by Theorem 3.3 we have 2m~! < ¢ < 2™ — 1. To form the
splitting graph S’(G) of G, for each v; or u; in G, add a new vertex v; or v} and add edges
joining v} or u} to all neighbours of v; or u; in G respectively. Since S'(G) has 3¢ edges, by

Theorem 2.4 we have
Y(S'(G)) > [log2(|E(S'(G))| +1)] = [loga(3q + 1)] > [log2 (2™ + 1)] = m + 2.

We can define a set-indexer g of S'(G) with indexing set Y = X U{z,y} as follows: g(v) = f(v)
for all v € V(G), g(vi) = f(v)) U{z}; 1 < i < n and g(u)) = flu)) U{y}; 1 < j < L

2

Consequently
V(S(G)) =m+2 = [log2(|E(S"(G))| +1)]
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and hence S’(G) is set-semigraceful. O

Remark 4.10 (1) Even though Cj5 is not bipartite, both C5 and its splitting graph are set-
semigraceful.

(2) Splitting graph of a path Py is set-semigraceful. But P, is not set-semigraceful.

Theorem 4.11 For any set-graceful graph G, the graph H; GU K, C H C GV K; is set-

semigraceful.

Proof Let m = v(G) = log2(|E(G)| + 1). Then by Theorem 2.4 we have
V(H) = [loga(|[E(H)|[ 4+ 1)] = [log2(2™ +1)] = m + 1.

Let f be a set-graceful labeling of G with indexing set X. Now we can extend f to a set-indexer
g of GV K; with indexing set Y = X U {z} of cardinality m + 1 as follows: g(u) = f(u) for
all u € V(G) and g(v) = {z} where {v} = V(G). Clearly g(e) = f(e) for all e € E(G) and
g(uv) = g(u) U {z} are all distinct. Then by Theorem 2.5 we have

V(H) =m+1= [loga(|E(H)| +1)]. .

Corollary 4.12 The wheel Waon_1 is set-semigraceful.

Proof The proof follows from Theorems 4.11 and 2.30. O

Theorem 4.13 Let G be a set-graceful (p,p — 1)-graph, then GV N, is set-semigraceful.

Proof Let G be set-graceful graph with set-indexing number n. For every m, there exists
I such that 2! < m < 2"+ — 1. By Theorem 2.4 we have

VGV Np) = [loga(|E(GV Ni)| +1)]
[log2(p — 1+ pm + 1)] = [logap(m + 1)]
[log2(2")(m + 1)] = [log2(2") + loga(m +1)] > n+ 1+ 1.

Let f be a set-semigraceful labeling of G with X; |X| = n as the indexing set. Consider the set
Y ={y1,...,yi41} and V(N,,) = {v1,...,vm}. Now we can extend f to GV N, by assigning
the distinct nonempty subsets of Y to the vertices vy, ..., vy, in that order to get a set-indexer
of GV N,, with indexing set X UY. Hence G V N,, is set-semigraceful. O

Corollary 4.14 Kj on_1 ym, is set-semigraceful.

Proof The proof follows from Theorems 2.33 and 4.13. O

Theorem 4.15 Let G be a (p,p — 1) set-graceful graph, then GV Ky and GV Ks are set-

semigraceful.

Proof Let f be a set-graceful labeling of G with indexing set X of cardinality n. By



68 Ullas Thomas and Sunil C. Mathew

Theorem 2.4 we have

v

[log2(|E(G V K2)| + 1)] = [loga(p — 1+ 2p+ 1+ 1)]

~ ltoga(3p+ 1)1 = [10ga3 + loa(p+ 3)]

1
{10923 +loga(2" + g)-‘ >n+2.

Consider the set Y = X U {241, Znt2} and the set-indexer g of G V Ky defined by g(u) =
f(u) for all uw € V(G), g(v1) = {zn+1} and g(ve) = {xny2}; v1, v2 € V(K3). Consequently
v(GV K3) =n+ 1 so that it is set-semigraceful.

Let K3 = (v1,v2,v3,v1). By Theorem 2.4 we have v(G V K3) > [log2(|E(G V K3)| + 1)]
=[log2(p — 1+ 3p+3+1)] = [log2(4p + 3)] = [log2(4.2" + 3)] = [log2(2""2 +3)] > n + 3.
We can find a set-indexer h of GV K3 with indexing set Z =Y U {z,,4+3} as follows: Assign
{Znt+1}, {zns+2} and {z,43} to the vertices of K3 and h(u) = f(u) for all u € V(G). Clearly h
is a set-semigraceful labeling of GV K3. O

Corollary 4.16 All double fans P, V Ko; n # 2™, m > 2 are set-semigraceful.

Proof The proof follows from Theorems 4.15 and 2.10. O

Corollary 4.17 The graph Kion_1 V Ky is set-semigraceful.

Proof The proof follows from Theorems 4.15 and 2.13. O

Theorem 4.18 If C,, is set-semigraceful, then the graph C, V Ks is set-semigraceful. Moreover
Y(Cp V K3) =m+ 2, where 2™ <n <2m 4 2m~1 2 n >7.

Proof The proof follows from Theorems 3.15 and 4.15. O

Theorem 4.19 Let G be a set-semigraceful (p,q)-graph with v(G) = m. If p > 2m~1  then
GV K set-semigraceful.

Proof By Theorem 3.3 we have 2m~! < |E(G)| < 2™ — 1. Since |[V| > 2m~1 by Theorem
2.4 we have 7(G V K1) > [log2(|E| +1)] = m + 1. Let f be a set-indexer of G with indexing

set X of cardinality m = v(G). Now we can define a set-indexer g of GV Ky; V(K1) = {v}
with indexing set Y = X U {z} as follows: g(u) = f(u) for all u € V(G) and g(v) =Y. This
shows that G V K7 is set-semigraceful. O

Corollary 4.20 If C,, is set-semigraceful, then Wy, is also set-semigraceful.

Proof The proof follows from Theorem 4.19. O

Corollary 4.21 W, is set-semigraceful, where 2™ +1 <n < 2™ 4 2m~1 _ 1,

proof The proof follows from Theorem 3.15 and Corollary 4.20. O



On Set-Semigraceful Graphs 69

Theorem 4.22 The gear graph of order 2n + 1 with 2™ —1 < n < 2™ 1 4£2m73 'm > 3 is

set-semigraceful.

Proof The proof follows from Theorem 2.5 and Corollary 4.21. O

Theorem 4.23 Let G be a set-semigraceful hamiltonian (p,q)-graph with v(G) = m and
p>2m~ L If G is a graph obtained from G by joining a pendand vertex to each vertex of G,
then G’ is set-semigraceful.

Proof Let C' = (v1,v2,-+ ,vn,v1) be a hamiltonian cycle in G. Let f be a set-indexer
of G with v(G) = m and X be the corresponding indexing set. Now take n new vertices
vi; 1 <i<mnandlet G = GU{vv,/ 1 <4i < n}. By Theorem 2.4 we have v(G') >
[log2(|E(G")| 4+ 1)] = m+1. We can define a set-indexer g of G’ with indexing set Y = X U{z}
as follows: g(u) = f(u) for all u € V(G), g(v)) = f(viviz1) U{z}; 1 < i <n with v,41 = v1.

Clearly G is set-semigraceful. O

Corollary 4.24 If C, is set-semigraceful, then the sun-graph obtained from C,, is set-semigraceful.

Proof The proof follows from Theorem 4.23. O

Corollary 4.25 The sun-graph of order 2n; 2™ < n < 2m+2m~1—2-m > 3 is set-semigraceful.

Proof The proof follows from Theorem 3.15 and Corollary 4.24. O
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§1. Introduction

The m-idempotent matrices and m—unit-ponent matrices are two typical matrices and have
many interesting properties (for example, see [1]-[5]).

A matrix A € C"*" is called an m—idempotent (m—unit-ponent) matrix if there exists
positive integer m such that A™ = A(A™ = I). Notice that

A™ = Aif and only if [J(A+&1) =0,
=1

where €1 =0, €9,€3,- -+ , &, are the m — 1 power unit roots,

A™ =T if and only if [[(A+ed) =0,

i=1
where €1, €2, ,&,, are the m—power unit roots. Naturally, we will consider the class of
matrices which satisfies that
m
[[(A+x1) =0,
i=1
where A1, Aa, -+, Ay, are the pairwise different complex numbers.
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For convenience, we call a matrix A € C"*™ to be a generalized m—power matrix if it
satisfies that [~ (A + \I) = O, where A1, A2,--+, A, are the pairwise different complex
numbers.

In this paper, we firstly study the generalized m—power matrices, and give two equiv-
alent characterizations of such matrices. Consequently, the corresponding results about m—
idempotent matrices and m—unit-ponent matrices are generalized. And then, we also define
the generalized m—power transformations, and generalize the relative results of generalized
m—power matrices to those of generalized m—power transformations.

For terminologies and notations occurred but not mentioned in this paper, the readers are

referred to the reference [6].

82. Generalized m—Power Matrices

In this section, we are going to study some equivalent characterizations of generalized m—power

matrices. First, we introduce some lemmas following.

Lemma 2.1([4]) Let A1, A2, -+, A e the pairwise different complex numbers and A € C"*™.
Then . .

r(JJA+MD) =Y r(A+NI) = (m = 1)n.

i=1 i=1

Lemma 2.2([4]) Let fi(z), fo(x), -+, fm(z) € Clz] be pairwisely co-prime and A € C™*™.
Then

> r(fi(4) = (m = D+ r([J(£:(4)).

i=1 i=1
Lemma 2.3([1]) Assume that f(x),g(x) € Clz], d(z) = (f(z),9(z)) and m(A) = [f(z), g(z)].
Then for any A € C™*",

r(f(A)) +r(g(A)) = r(d(A)) + r(m(A)).

Theorem 2.4 Let \1, A2, , Ay € C be the pairwise different complex numbers and A € C"*™.
Then T2 (A+ XNI) = O if and only if >, r(A+ XNI) = (m — 1)n.

Proof Assume that []!";(A+X;I) = O, by Lemma 2.1, we can immediately get >/, r(A+
M) = (m—1)n.

Assume that >" (A + N\I) = (m — 1)n. Take fi(z) = z+ X\i(i = 1,2,--- ,m), where
Ai # Aj if i # j. Clearly, we have (f;(z), fj(z)) =1if i # j. Now, by Lemma 2.2,

m

S r(f:(4) = m ([ [
Also, since >_i" r(A+ NI) = (m — 1)n, we can get r([];~,(fi(A))) = 0, this implies that

m

[[(A+x1)=o0. O

i=1
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By Theorem 2.4, we can obtain the following conclusions. Consequently, the corresponding
result in [3] is generalized.

Corollary 2.5 Let ey,e0,- - ,em_1 € C be the m — 1 power unit roots and A € C"*"™. Then
A™ = Aif and only if r(A) +r(A—erl)+r(A—eol)+ - +1r(A—ep_1l) = (m—1)n.

Corollary 2.6 Letey,ea, -+ ,&m € C be the m power unit roots and A € C"*™. Then A™ =1
if and only if r(A—e1l)+r(A—exl)+---+1r(A—enl)=(m—1)n.

Now, we give another equivalent characterizations of the generalized m—power matrices.

Theorem 2.7 Let A1, A2, -, Ap, € C be the pairwise different complex numbers and A € C™*™.
Then

[[(A+ XD =0 if and only if > r((A+ MDA+ NI)) = (m )(2’” n

=1 1<i<j<m

Proof Assume that [, (A + X\;I) = O. Then r(I]", (A + X\iI)) = 0. Notice that

m—1 m
ST o r((A+ADA+ND) =3 ST r((A+ MDA+ M)

1<i<j<m i=1 j=i+1

and by Lemmas 2.2 and 2.3, it is not hard to get that

zm:r A+ MDA+ NI) = (m—2)-T(A+/\1])+r(ﬁ(A+/\iI))

= (m—2)-r(A+\I),
ir((A—i—)\zI)(A—l—)\jI))—i—r(A—i—)\lI) =n+ (m—23)-r(A+ X\I),

ir((A—l—)\sI)(A—i—)\jI))+r(A+)\1])+r(A+)\2I) =2n+(m—4) -r(A+ Xsl),

j=4

m m—3

SO (A4 A 2D A+ ND) + > r(A+NI) = (m—3) n+r(A+ Ap_2l)
((A+ Ay 11)(A+>\m1))+m7 r(A+NI)=(m—2)

Thus, we have

Y A+ ADA+N D) = (m —2)(m - L)n.

1<i<j<m

From the discussions above, we have

ST r((A+ MDA+ NI) = (m=2)(m=bn . _y). r(ﬁ(A D).

1<i<j<m
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Hence, if
-2 -1
S (A4 A A+ NT) = )(2m u
1<i<j<m
then .
r(JJ(A+N\D) =0,

=1
ie.,

[[A+x1)=0. O

i=1

By Theorem 2.7, we can get corollaries following. Also, the corresponding result in [3] is

generalized.
Corollary 2.8 Let e1,e9, - ,em_1 € C be the m — 1 power unit roots and A € C"*". Then

A™ = A if and only if r(A(A—er D))+ +r(A(A—epm1l)) +r((A—erl)(A—e2D))+---+

r(A—e)(A—emaD))+-+7(A=emol)(A—cml)) = W

Corollary 2.9 Letej,ea, - ,em € C be the m power unit roots and A € C"*™. Then A™ =1
if and only if
(m—2)(m—1)n

> r((A+ed)(A+ed) = >

1<i<j<m

83. Generalized m—Power Transformations

In this section, analogous with the discussions of the generalized m—power matrices, we will
firstly introduce the concepts of generalized m—power linear transformations, and then study
some of their properties.

Let V be a n dimensional vector space over a field F' and ¢ a linear transformation on V.
We call o to be a generalized m—power transformation if it satisfies that

m

H(U + XNie) =0

i=1
for pairwise different complex numbers Aq, Ag, - -+ , Ay, where € is the identical transformation
and 6 is the null transformation. Especially, o is called an m—idempotent ( m—unit-ponent)
transformation if it satisfies that o™ = o(c™ = ¢).
From [6], it is known that n dimensional vector space V over a field F is isomorphic to
F™ and the linear transformation space L(V) is isomorphic to F™*™. Thus, we can obtain the
following results about generalized m—power transformations whose proofs are similar with the

corresponding ones in Section 2. And we omit them here.

Theorem 3.1 Let V be a n dimensional vector space over a field F and o a linear transfor-

mation on V. Then o is a generalized m—power transformation if and only if

i dimIm(o + Aie) = (m — 1)n.

=1



Generalized m-Power Matrices and Generalized m-Power Transformations 75

By Theorem 3.1, we obtain the following conclusions.

Corollary 3.2 Let V be a n dimensional vector space over a field F' and o a linear transfor-

mation on V. Then o is an m— idempotent transformation if and only if
dimIm(A) + dimIm(A — e 1) + dimIm(A —exl) + -+ - + dimIm(A — ep—11) = (m — 1)n.

Corollary 3.3 Let V be a n dimensional vector space over a field F' and o a linear transfor-

mation on V. Then o is an m—unit-ponent transformation if and only if
dimIm(A —eiI) + dimIm(A —exI) + - - + dimIm(A — e, ) = (m — 1)n.

Corollary 4.4 Let V' be a n dimensional vector space over a field F' and o a linear transfor-
mation on V. Then o is a generalized m—power transformation if and only if
(m—2)(m—1)n

5 .

> dimIm((o + Mie)(o + Aje)) =

1<i<j<m
Corollary 3.5 Let V be a n dimensional vector space over a field F' and o a linear transfor-
mation on V. Then o is an m— idempotent transformation if and only if
dimIm(o(o — e1€)) + - - - + dimIm(o (o — em—1€))

+dimIm(o — e1€)(o — e3€)) + - - - + dimIm((o — e1€)(0 — em—1€))
(m—2)(m—1)n
5 .

+- -+ dimIm((o — ep—2€)(0 — €mp_1€)) =

Corollary 3.6 Let V' be a n dimensional vector space over a field F' and o a linear transfor-
mation on V. Then o is an m—unit-ponent transformation if and only if
(m—2)(m—1)n

5 .

Z dimIm((o + €i€)(0 +gj¢)) =

1<i<j<m
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Abstract: A set D of vertices of a graph G is a perfect dominating set if every vertex in
V' \ D is adjacent to exactly one vertex in D. In this paper we introduce the concept of
perfect domination excellent graph as a graph in which every vertex belongs to some perfect
dominating set of minimum cardinality. We also provide a constructive characterization of

perfect domination excellent trees.
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81. Introduction

Let G = (V, E) be a graph. A set D of vertices is a perfect dominating set if every vertex in
V' \ D is adjacent to exactly one vertex in D. The perfect domination number of G, denoted
~p(G), is the minimum cardinality of a perfect dominating set of G. A perfect dominating set
of cardinality v, (G) is called a 7,(G)-set. Generally, a set of vertices S in a graph G is said
to be a Smarandachely k-dominating set if each vertex of G is dominated by at least k vertices
of S and the Smarandachely k-domination number v;(G) of G is the minimum cardinality of a
Smarandachely k-dominating set of G. Particularly, if £k = 1, such a set is called a dominating
set of G and the Smarandachely 1-domination number of G is nothing but the domination
number of G and denoted by v(G). Domination and its parameters are well studied in graph
theory. For a survey on this subject one can go through the two books by Haynes et al [3,4].

Sumner [7] defined a graph to be v —excellent if every vertex is in some minimum dominat-
ing set. Also, he has characterized v — exzcellent trees. Similar to this concept, Fricke et al [2]
defined a graph to be i — excellent if every vertex is in some minimum independent dominating
set. The i-excellent trees have been characterized by Haynes et al [5]. Fricke et al [2] defined
vt — excellent graph as a graph in which every vertex is in some minimum total dominating
set. The ~;-excellent trees have been characterized by Henning [6].

In this paper we introduce the concept of ~,-excellent graph. Also, we provide a construc-
tive characterization of perfect domination excellent trees.

We define the perfect domination number of G relative to the vertex u, denoted v, (G), as
the minimum cardinality of a perfect dominating set of G' that contains u. We call a perfect

dominating set of cardinality 7;‘(6') containing u to be a WE(G)—set. We define a graph G to be

1Received February 1, 2012. Accepted June 18, 2012.
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Yp — excellent if v (G) = 7,(G) for every vertex u of G.

All graphs considered in this paper are finite and simple. For definitions and notations not
given here see [4]. A tree is an acyclic connected graph. A leaf of a tree is a vertex of degree 1.
A support vertex is a vertex adjacent to a leaf. A strong support vertex is a support vertex that

is adjacent to more than one leaf.

§2. Perfect Domination Excellent Graph

Proposition 2.1 A path P, is vy, — excellent if and only if n = 2 or n = 1(mod3).

Proof It is easy to see that the paths P» and P, for n = 1(mod3) are y,-excellent. Let
P,,n > 3, be a yp-excellent path and suppose that n = 0,2(mod3). If n = 0(mod3), then P,
has a unique ,-set, which does not include all the vertices. If n = 2(mod3), then no ~y,-set of

P,, contains the third vertex on the path. O

Proposition 2.2 Every graph is an induced subgraph of a ~y,-excellent graph.

Proof Consider a graph H and let G = HoK7, the 1-corona of a graph H. Every vertex in
V(H) is now a support vertex in G. Therefore, V(H) is a y,-set of G. As well, the set of end
vertices in G is a yp-set. Hence every vertex in V(G) is in some ~y,-set and G is y,-excellent.
Since H is an induced subgraph of G, the result follows. 0

83. Characterization of Trees

We now provide a constructive characterization of perfect domination excellent trees. We
accomplish this by defining a family of labelled trees as defined in [1].

Let F = {T},}n>1 be the family of trees constructed inductively such that T is a path
Pyand T,, =T, a tree. If n > 2, T; ;1 can be obtained recursively from 7; by one of the two
operations Fy, Fo for i =1,2,--- ,n — 1. Then we say that T has length n in F.

We define the status of a vertex v, denoted sta(v) to be A or B. Initially if T} = P4, then
sta(v) = A if v is a support vertex and sta(v) = B, if v is a leaf. Once a vertex is assigned a

status, this status remains unchanged as the tree is constructed.

Operation F; Assume y € T}, and sta(y) = A. The tree T},41 is obtained from T;, by adding
a path z,w and the edge zy. Let sta(xz) = A and sta(w) = B.

Operation F; Assume y € T,, and sta(y) = B. The tree T),+; is obtained from T,, by adding
a path z,w,v and the edge xy. Let sta(z) = sta(w) = A and sta(v) = B.

F is closed under the two operations F; and Fy. For T € F, let A(T) and B(T') be the
sets of vertices of status A and B respectively. We have the following observation, which follow

from the construction of F.

Observation 3.1 Let T € F and v € V(T)
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1. If sta(v) = A, then v is adjacent to exactly one vertex of B(T') and at least one vertex of

A(T).
2. If sta(v) = B, then N(v) is a subset of A(T).
3. If v is a support vertex, then sta(v) = A.
4. Tf v is a leaf, then sta(v) = B.
5. [A(T)| = |B(T)]

6. Distance between any two vertices in B(T) is at least three.

Lemma 3.2 IfT € F, then B(T) is a v,(T)-set. Moreover if T is obtained from T’ € F using
operation Fy or Fa, then vp(T) = vp(T') + 1.

Proof By Observation 3.1, it is clear that B(T') is a perfect dominating set. Now we
prove that, B(T) is a 7,(T")-set. We proceed by induction on the length n of the sequence of
trees needed to construct the tree T. Suppose n = 1, then T = Py, belongs to F. Let the
vertices of Py be labeled as a, b, ¢, d. Then, B(P;) = {a,d} and is a 7, (Py)-set. This establishes
the base case. Assume then that the result holds for all trees in F that can be constructed
from a sequence of fewer than n trees where n > 2. Let T' € F be obtained from a sequence
T1,Ts,- -, T, of n trees, where T/ = T,,_1 and T = T,,. By our inductive hypothesis B(T") is
a vp(T")-set.

We now consider two possibilities depending on whether T is obtained from T” by operation
JF1 or Fo.

Case 1 T is obtained from T’ by operation Fj.

Suppose T is obtained from T by adding a path y, z, w of length 2 to the attacher vertex
y € V(T'). Any v,(T")-set can be extended to a v,(T)-set by adding to it the vertex w, which
is of status B. Hence B(T') = B(T") U {w} is a 7, (T)-set.
Case 2 T is obtained from T’ by operation Fo.

The proof is very similar to Case 1.

If T is obtained from T” € F using operation F; or Fa, then T can have exactly one more
vertex with status B than T". Since v,(T) = |B(T)| and ~,(T") = |B(T")|, it follows that
Ww(T) = 7(T") + 1. O

Lemma 3.3 IfT € F have length n, then T is a vy, — excellent tree.

Proof Since T has length n in F, T' can be obtained from a sequence 13,75, -, T, of
trees such that 73 is a path Py and T,, = T, a tree. If n > 2, T;11 can be obtained from T; by
one of the two operations F, Fs for v =1,2,--- ;n—1. To prove the desired result, we proceed
by induction on the length n of the sequence of trees needed to construct the tree 7.

If n =1, then T' = P4 and therefore, T is 7,-excellent. Hence the lemma is true for the

base case.
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Assume that the result holds for all trees in F of length less than n, where n > 2. Let
T € F be obtained from a sequence 11,75, -+ , T, of n trees. For notational convenience, we
denote T,,—1 by T'. We now consider two possibilities depending on whether T is obtained from
T’ by operation F; or Fo.

Case 1 T is obtained from T’ by operation Fj.
By Lemma 3.2, v,(T) = 7,(T") + 1. Let u be an arbitrary element of V(T).
Subcase 1.1 u € V(T").

Since T" is y,-excellent, v (T") = v, (T"). Now any ~,/(T")-set can be extended to a perfect
dominating set of T' by adding either 2 or w and so v (T') < v (T") + 1 = 7, (T") + 1 = ,(T).

Subcase 1.2 u € V(T)\ V(T").

Any 7}/(T")-set can be extended to a perfect dominating set of T by adding the vertex w
and 50 3 (T) < AY(T) + 1 = 7 (T") + 1 = 7,(T).

Consequently, we have WE(T) = 7,(T) for any arbitrary vertex u of T. Hence T is 7,-
excellent.

Case 2 T is obtained from 7’ by operation Fo.

The proof is very similar to Case 1. O

Proposition 3.4 If T is a tree obtained from a tree T’ by adding a path x,w or a path x,w,v
and an edge joining x to the vertex y of T', then v,(T) = v,(T") + 1.

Proof Suppose T is a tree obtained from a tree 7' by adding a path x, w and an edge joining
x to the vertex y of T”, then any 7, (7”)-set can be extended to a perfect dominating set of T
by adding = or w and so v,(T") < 7,(T") +1. Now let S be a v,(T)-set and let S" = SNV (T").
Then S’ is a perfect dominating set of 7. Hence, 7,(T") < |S'] <|S| =1 = 7,(T) — 1. Thus,
Yo(T) > vp(T")+ 1. Hence 7,(T) = v,(T") + 1. The other case can be proved on the same lines.
O

Theorem 3.5 A tree T of order n > 4 is vy, — excellent if and only if T € F.

Proof By Lemma 3.3, it is sufficient to prove that the condition is necessary. We proceed
by induction on the order n of a y,-excellent tree T'. For n =4, T' = Py is ~y,-excellent and also
it belongs to the family F. Assume that n > 5 and all y,-excellent trees with order less than
n belong to F. Let T be a v,-excellent tree of order n. Let P : vy,v9,- -+, v, be a longest path
in T. Obviously deg(v;) = deg(vg) = 1 and deg(ve) = deg(vip—1) = 2 and k > 5. We consider

two possibilities.
Case 1 w3 is a support vertex.

Let T" = T'\ {v1,v2}. We prove that T’ is y,-excellent, that is for any u € T,/ (T") =
Yp(T'). Since u € T" C T and T is 7p-excellent, there exists a 7, (T')-set such that v, (T) =
Yp(T'). Let S be a vy (T) — set and S’ = SN V(T"). Then S’ is a perfect dominating set of 7"
Also, [S'] < [S| =1 =(T) — 1 = v,(T"), by Proposition 3.4. Since u € 5", 5" is a v, (T")-set
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such that v (T") = 7,(T"). Thus T" is ~p-excellent. Hence by the inductive hypothesis 7’ € F,
since |V(T")| < |V(T')|. The sta(vs) = A in T’, because vs is a support vertex. Thus, T is
obtained from 7’ € F by the operation F;. Hence T' € F as desired.

Case 2 wvj3 is not a support vertex.

Let T" = T \ {v1,v2,v3}. As in Case 1, we can prove that T’ is 7,-excellent. Since
[V(T)| < |V(T)|, T' € F by the inductive hypothesis.
If vy is a support vertex or has a neighbor which is a support vertex then wvs is present in none
of the «y,-sets. So, T' cannot be 7,-excellent. Hence either deg(vq) = 2 and vy is a leaf of T” so
that vy € B(T") by Observation 3.1 or deg(v4) > 3 and all the neighbors of vy in 7"\ {vs} are
at distance exactly 2 from a leaf of 7”. Hence all the neighbors of vy in 77\ {vs} are in A(T")
by Observation 3.1, and have no neighbors in B(T") except vs. Hence vy € B(T'), again by
Observation 3.1. Thus, T can be obtained from T’ by the operation F». Hence T € F. g
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Abstract: A (n,m) graph G is said to be (k,d) maximum indexable graph, if its vertices
can be assigned distinct integers 0,1,2,--- ,n — 1, so that the values of the edges, obtained
as the sum of the numbers assigned to their end vertices and maximum of them can be
arranged in the arithmetic progression k,k + 1,k + 2d,--- ,k + (m — 1)d and also a (n,m)
graph G is said to be (k, d) maximum arithmetic graph, if its vertices can be assigned distinct
non negative integers so that the values of the edges, obtained as the sum of the numbers
assigned to their end vertices and maximum of them can be arranged in the arithmetic
progression k,k + 1,k + 2d,--- ,k + (m — 1)d. The energy E(G) of a graph G is equal to
the sum of the absolute values of the eigenvalues of G. In this paper we introduce some
families of graphs which are (k, d)- maximum indexable and (k, d)-maximum arithmetic and

also compute energies of some of them.
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§1. Introduction

Let G = (V, E) be a (n,m) graph and let its vertex set be V/(G) = {v1,ve, -+ ,v,}. We assume
that G is a finite, undirected, connected graph without loops or multiple edges. Graph labelings
where the vertices are assigned values subject to certain conditions are interesting problems and
have been motivated by practical problems. Applications of graph labeling have been found in
X — ray, crystallography, Coding theory, Radar, Circuit design, Astronomy and communication
design.

Given a graph G = (V, E), the set N of non-negative integers, a subset A of N of non-
negative integers, a set A of N and a Commutative binary operation * : N X N — N
every vertex function f : V(G) — A induces an edge function f* : E(G) — N such that
fH(uv) = «(f(u), f(v)) = f(u) * f(v), Vuv € E(G). We denote such induced map f* of f by
fmaz,

1Received February 20, 2012. Accepted June 20, 2012.
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Acharya and Hedge [1,2] have introduced the concept of indexable and arithmetic graph
labelings. Recently present author [7] has introduced the concept of maximum indexable graphs.
The adjacency matrix A(G) of the graph G is a square matrix of order n whose (i, j)-entry is
equal to unity if the vertices v; and v; are adjacent, and is equal to zero otherwise. The
eigenvalues A1, A, -+, A, of A(G) are said to be the eigenvalues of the graph G, and are
studied within the Spectral Graph Theory [3]. The energy of the graph G is defined as F =
E(G) = Y, |\il. The graph energy is an invariant much such studied in mathematical
and mathema-tico-chemical literature; for details see [4,5,6], In this paper we introduce some
families of graphs which are (k,d)- maximum indexable and (k, d)-maximum arithmetic and

also compute energies of some of them.

Definition 1.1 A graph G = (V,E) is said to be (k,d)— mazimum indexable graph if it
admits a (k,d)— indezer, namely an injective function f : V(G) — {0,1,--- ,n — 1} such
that f(u) + () + mas{f(u), f()} = [™*(uv) € fm(G) = {fuv) : Yuv € B(G)} =
{k,k+d,k+2d, - k+ (m—1)d}, for every uwv € E.

Example 1.2 The graph K3 3 is a (4, 1)—maximum indexable graph.

0 1

Figure 1

In this example,
f(G) =1{4,5,6,7,8,9}.
Lemma 1.3 Let f be any (k,d)—mazimum indexable labeling of G. Then

2<k<3n—md+ (d—4).

Proof Since f™**(G) C {2,3,---,3n —4}, the largest edge label is at most 3n — 4. Hence
k must be less than or equal to 3n — 4 — (m — 1)d. Since the edge values are in the set
{k,k+d,k+2d,---  k+ (m —1)d}, we have

2<k<3n—md+(d—4). O
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Theorem 1.4 The star K1, is (k,d)—mazimum indezable if and only if (k,d) = (2,2) or
(2n,1). Furthermore, there are exactly n + 1 mazimum indexable labelings of K1, of which

only two are (k,d)—mazimum indezable up to isomorphism .

Proof By assigning the value 0 to the central vertex and 1,2,3,--- ,n to the pendent ver-
tices we get (2,2)—maximum indexable graph, since f™**(G) = {2,4,6,---,2n}. By assigning
the value n to the root vertex and 0,1,2,--- ,n — 1 to the pendent vertices, one can see that
f™(G) ={2n,2n+1,2n+3,--- ,3n — 1}, which shows that G is (2n, 1)-maximum indexable
graph.

Conversely, if we assign the value ¢ (0 < ¢ < n) to the central vertex and 0,1,2,--+ ,c—1, ¢+
1,---,n to the pendent vertices, we obtain f™**(K; ,,) = {2¢,2¢+1,- -+ ,3¢—1,3¢+2,- -, 2n+c}
which is not an arithmetic progressive, i.e., K1, is not a (k,d)—maximum indexable.

For the second part, note that Kj , is of order n + 1 and size n. Since there are n + 1
vertices and n + 1 numbers (from 0 to n), each vertex of K , can be labeled in n + 1 different
ways. Observe that the root vertex is adjacent with all the pendent vertices. So if the root
vertex is labeled using n 4+ 1 numbers and the pendent vertices by the remaining numbers,
definitely the sum of the labels of each pendent vertex with the label of root vertex, will be
distinct in all » + 1 Maximum Indexable labelings of K ,,. It follows from first part that, out
of n 4+ 1 maximum indexable labelings of K ,, only two are (k, d)—maximum indexable. This

completes the proof. O

Corollary 1.5 The graph G = K1 , UK1 , n > 1 is (k,d)—mazimum indezable graph and its
energy is equal to 4v/n — 1.

Proof Let the graph G be K; , U K; ,, n > 1. Denote

V(G) = {ul,vlj 1< < n}U{UQ,'UQj 1< < n},

E(GQ) ={wivi;: 1 <j<n}U{ugvg; : 1 <j<n}.
Define a function f: V(G) — {0,1,---,2n+ 1} by

flur) =2n, f(uz) =2n-1
floy) = (27 —1) and  f(ve;) =2(j — 1),
for 5=1,2,--- ,n. Thus
(K UKy ) ={4n+1,4n+2,4n+3,--- ,6n —2,6n — 1,6n}.

Thus Ki ,, U K7,y is (4n + 1, 1)-maximum indexable graph. The eigenvalues of K5 , U K1, are
+vn—1,+v/n—-1,0,0,---,0. Hence E(K; ,UK;,) =4vn — 1. O
——

2n—4 times

Theorem 1.6 For any integer m > 2, the linear forest F' = nPs UmPs is a (2m + 2n,3)

mazximum indexable graph and its energy s 2(n\/§ +m).
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Proof Let F = nP3UmP, be a linear forest and V(F) = {u;,v;,w; : 1 <4 < n} U
{zj,y; : 1 <j < m}. Then |V(F)| = 3n+ 2m and |E(F)| = 2n + m. Define f : V(F) —
{0,1,---,2m +3n— 1} by

1—1, y=1u;, 1<i<n,
m+n+(i—1), y=v;, 1<i<n,
2(n+m)+(i—1), y=w;, 1<i<n
Then
) = {20 m), 20+ m) + 3,20m + 1)+ 6+ 2m + ) +

+3(n—1),5n 4 2m, -+ ,5n 4+ 5m — 3,5n + 5m, 8n + 5m — 3}.

Therefore nP; UmP; is a (2(n 4+ m), 3)—maximum indexable graph.

0 m+n 2n+2m
1 m+n+1 2n+2m+1
[ Y 6 ®
n-1 m+2n-1 2m-+3n-1
n m+2n
o————
n+m-1 " 2n+2m-1
o——9
Figure 2

The eigenvalues of nP3 UmP, are 1,—1 |0, V2, —v/2. Hence its energy is equal to E(nPs; U
—— —,—

m times n times

mPy)) = 2(nv2 +m). O

Corollary 1.7 For any integer m > 2, the linear forest F' = PsUmPs is a (2m+2, 3)—mazimum
indexable graph.

Proof Putting n =1 in the above theorem we get the result. O
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§2. (k,d)— Maximum Arithmetic Graphs

We begin with the definition of (k, d)—maximum arithmetic graphs.

Definition 2.1 Let N be the set of all non negative integers. For a non negative integer
k and positive integer d, a (n,m) graph G = (V,E), a (k,d)—maximum arithmetic labeling
is an injective mapping f : V(G) — N, where the induced edge function f™** : E(G) —
{k,k+d,k+2d,--- ,k+ (m—1)d} is also injective. If a graph G admits such a labeling then
the graph G is called (k,d)—mazimum arithmetic.

Example 2.2 Let S? be the graph obtained from the star graph with n vertices by adding an

edge. S¢ is an example of (4,2)—maximum arithmetic graph.
5

Figure 3 S¢

Here
fre(S3) = {4,6,8,10,12, 14}.

Definition 2.3 Let P, be the path on n wvertices and its vertices be ordered successively as
T1,T2, - ,Tp,. Pl is the graph obtained from P, by attaching exactly one pendent edge to each

of the vertices x1,x2, -+ ,x.
Theorem 2.4 P! is (k,d)—mazimum indexable graph.

Proof We consider two cases.

Case 1 If n is odd. In this case we label the vertices of P! as shown in the Figure . The value
of edges can be written as arithmetic sequence {5,8,--- ,(3n—1), 3n+2),(3n+5),---,(Bn+
31— 1)}. It is clear that P! is (5,3)—maximum arithmetic for any odd n.

() + (1 -1) (3H) +1 3n+1
2
o
n n—1 l -1 2 1
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Case 2 If n is even. In this case we label the vertices of P! as shown in the Figure 5. The
value of edges can be written as arithmetic sequence {7,13,---,(6n—>5), (6n+1), (6n+7), (6n+

13),--+,(6n + 61 —5)}. It is clear that P! is (7,6)— maximum arithmetic for any even n. [
————» L« . . °
2n—1 2m—3 91 5 3 1
Figure 5

Theorem 2.5 The graph G = K3V K, _o for n > 3 is a (10,2)— mazimum arithmetic graph.

Proof Let the vertices of K5 be v; and vy and those of K,,_5 be v3,v4, -+ ,v,. By letting
f(v;)) =2ifori=1,2 and f(v;) =2i — 1, 3 < i < n, we can easily arrange the values of edges
of G = K3VK,,_5 in an increasing sequence {10,12,14,--  4n,4n + 2}. O

Lemma 2.6 The complete tripartite graph G = Ki 2. is a (7,1)—mazimum arithmetic graph.

Proof Let the tripartite A, B, C' be A = {w}, B = {v1,v2} and C = {vs3,v4, - ,0,}.
Define the map f: AUBUC — N by

Then one can see that G = Kj 3, is (7,1)—maximum arithmetic. In fact f™*(K;2,) =
{7,8,9,10,--- ,2n+5,2n+6,2n+7,--- ,3n + 8}. O

Theorem 2.7  For positive integers m and n, the graph G = mKiy, is a (2mn + m +

2, 1)—mazimum arithmetic graph and its energy is 2m~/n — 1.

Proof Let the graph G be the disjoint union of m stars. Denote V(G) = {v; : 1 <i <
myU{u;; 01 <i<m,1<j<n}and E(G) ={viu;; : 1 <i<m,1 < j <mn} Define
f:V(G) — N by

mn+1)—(G—-1) ifza=v; 1<i<m
fl@) =9 , . , ,
(G—1m+i fr=u,; 1<i<m,1<j<n.
Then
G =2mn+m+2,2mn+m+3,--- ,3mn+m+1}.

Therefore mK; ,, is a (2mn +m + 2, 1)—maximum arithmetic graph.
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V1 (%) Um
umn
U Um?2
U1l U12 Uln 21 Ugo Uoy, U1 m
Figure 6

Also its eigenvalues are £v/n — 1 (m times). Hence the energy of mKj , is

E(mKi ) =2mvn — 1. O

§3. Algorithm

In this section we present an algorithm which gives a method to constructs a maximum (k, d)-

maximum indexable graphs.

MATRIX-LABELING (Vliist,Vsize)
//Vlist is list of the vertices, Vsize is number of vertices
Elist= Empty();
for j < —0 to (Vsize —1)
do for i < —0 to (Vlist — 1) && il = j
X=V List[i] + Vlist[j] + Max {Vlist[i], Vlist[j]};
if (Search (Elist, X)=False)  //X does not exist in Elist
then ADD (Elist, X);
end if
end for
end for
SORT-INCREASINGLY (Elist);
Flag= 0;
For j < —0 to (Esize — 1)
do if (Elist[j + 1]! = Elist[j] + d)
then Flag= 1;
end if
end for

if (Flag==0)
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then PRINT (“This graph is a (k, d)—Max indexable graph”);
else if (Flag=1)
then PRINT (“This graph is not (k,d)—Max indexable graph”);
end if
end MATRIX-LABELING (Vlist, Vsize)
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81. Introduction

All graphs considered in this paper are finite, undirected graphs and we follow standard defini-
tions of graph theory as found in [2].

Let G = (V,E) be a graph of order n with minimum degree at least one. The open
neighborhood N (v) of a vertex v € V(G) consists of the set of all vertices adjacent to v. The
closed neighborhood of v is N[v] = N(v) U {v}. For a set S C V, the open neighborhood N(.5)
is defined to be U,es N (v), and the closed neighborhood of S is N[S] = N(S)US. A subset S of
V is called a dominating (total dominating) set if every vertex in V' — .5 (V) is adjacent to some
vertex in S. A dominating (total dominating) set is minimal dominating (total dominating) set
if no proper subset of S is a dominating (total dominating) set of G. The domination number
v (total domination number +;) is the minimum cardinality taken over all minimal dominating
(total dominating) sets of G. A ~v-set (y;-set) is any minimal dominating (total dominating)
set with cardinality vy (y:).

A proper coloring of G is an assignment of colors to the vertices of G, such that adjacent
vertices have different colors. The smallest number of colors for which there exists a proper col-
oring of G is called chromatic number of G and is denoted by x(G). Let V' = {uq, ug, ug, -+ ,up}
and C = {C,C5,C3, - ,Cy} be a collection of subsets C; C V. A color represented in a vertex
u is called a non-repeated color if there exists one color class C; € C such that C; = {u}.

Let G be a graph without isolated vertices. A total dominator coloring of a graph G is

1Received September 19, 2011. Accepted June 22, 2012.
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a proper coloring of the graph G with the extra property that every vertex in the graph G
properly dominates a color class. The smallest number of colors for which there exists a total
dominator coloring of G is called the total dominator chromatic number of G and is denoted by
Xtd(G). Generally, for an integer k > 1, a Smarandachely k-dominator coloring of G is a proper
coloring on G such that every vertex in the graph G properly dominates a k color classes and
the smallest number of colors for which there exists a Smarandachely k-dominator coloring of G
is called the Smarandachely k-dominator chromatic number of G, denoted by x7,(G). Clearly, if
k =1, such a Smarandachely 1-dominator coloring and Smarandachely 1-dominator chromatic
number are nothing but the total dominator coloring and total dominator chromatic number
of G.

In this paper we determine total dominator chromatic number in paths.

Throughout this paper, we use the following notations.

Notation 1.1 Usually, the vertices of P, are denoted by w1, us, ..., u, in order. We also denote

a vertex u; € V(P,) with @ > [$] by ;_(n41). For example, u, 1 by u_o. This helps us to

visualize the position of the vertex more clearly.

Notation 1.2 For ¢ < j, we use the notation ([¢, j]) for the subpath induced by (u;, uit1, ..., u; ).
For a given coloring C of P,, C|{[¢, j]) refers to the coloring C restricted to ([¢, j]).

We have the following theorem from [1].

Theorem 1.3 For any graph G with §(G) > 1, max{x(G),1#(G)} < xtd(G) < x(G) + %(G).

Definition 1.4 We know from Theorem 1.3 that xta(Pn) € {7¢(Pn), v(Pn) + 1,v(Pn) + 2}.
We call the integer n, good (respectively bad, very bad) if xta(Pn) = v:(Pn) + 2 (if respectively
Xtd(Pn) = /Yt(Pn) +1, Xtd(Pn) = ’Yt(Pn))

§2. Determination of y:q(FP,)

First, we note the values of x;q4(FP,) for small n. Some of these values are computed in Theorems

2.7, 2.8 and the remaining can be computed similarly.

Ve (Pr) Xtd(Pn)

S |ot | w3
W | N NN
W | W NN
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n Ye(Pn) Xtd(Pn)
7 4 )
8 4 6
9 5 6
10 6 7

Thus n = 2, 3,6 are very bad integers and we shall show that these are the only bad integers.
First, we prove a result which shows that for large values of n, the behavior of x¢4(P,,) depends
only on the residue class of nmod 4 [More precisely, if n is good, m > n and m = n(mod 4)
then m is also good]. We then show that n = 8,13,15,22 are the least good integers in their

respective residue classes. This therefore classifies the good integers.

Fact 2.1 Let 1 < i < n and let C be a td-coloring of P,. Then, if either u; has a repeated
color or u;;2 has a non-repeated color, C|([i + 1,n]) is also a td-coloring. This fact is used
extensively in this paper.

Lemma 2.2 xt4(Pnta) 2 Xta(Pn) + 2.

Proof For 2 < m < 5, this is directly verified from the table. We may assume n > 6.
Let uq,ug,us, ..., u,t+q be the vertices of P44 in order. Let C' be a minimal td-coloring of
P, 4. Clearly, us and u_s are non-repeated colors. First suppose uy is a repeated color. Then
C| ([5,n + 4]) is a td-coloring of P,. Further, C| ([1,4]) contains at least two color classes of C.
Thus xta(Pn +4) 2 xta(Pn) + 2. Similarly the result follows if u_4 is a repeated color Thus
we may assume uy4 and u_4 are non-repeated colors. But the C|{([3,n + 2]) is a td-coloring and
since ug and u_o are non-repeated colors, we have in this case also xtq(Pnta) = xta(Pn) + 2.0

Corollary 2.3 If for any n, xta(Pn) = v:(Pn) + 2, Xtd(Pm) = 7 (Py) + 2, for all m > n with
m = n(mod 4).

Proof By Lemma 2.2, xta(Pnta) = Xtd(Pn) +2 = 7(Pn) + 2+ 2 = v (Prya) + 2. O
Corollary 2.4 No integer n > 7 is a very bad integer.

Proof For n = 7,8,9,10, this is verified from the table. The result then follows from the
Lemma 2.2. O

Corollary 2.5 The integers 2,3,6 are the only very bad integers.

Next, we show that n = 8,13, 15,22 are good integers. In fact, we determine x;q4(P,) for
small integers and also all possible minimum td-colorings for such paths. These ideas are used

more strongly in determination of x.q(P,) for n = 8,13, 15, 22.

Definition 2.6 Two td-colorings C1 and Cy of a given graph G are said to be equivalent if
there exists an automorphism f : G — G such that Cy(v) = C1(f(v)) for all vertices v of G.
This is clearly an equivalence relation on the set of td-colorings of G.
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Theorem 2.7 Let V(P,) = {u1,ua,...,u,} as usual. Then

(1) xta(P2) = 2. The only minimum td-coloring is (given by the color classes) {{u1},{u2}}

) p—
(2) xta(Ps) =2. The only minimum td-coloring is {{u1,us}, {uz}}.
(3) xta(Pr) = 3 with unique minimum coloring {{u1,us}, {ua}, {us}}.

(4) xta(Ps) = 4. Any minimum coloring is equivalent to one of {{u1,us}, {ua}, {usa},{us}} or

{{u1, us}, {ua}, {us}, {uat} or {{ur}, {ua}, {ua}, {us, us}}.
(8) xta(Ps) = 4 with unique minimum coloring {{u1, us}, {us, ug}, {us}, {us}}.

(6) xta(P7) =5. Any minimum coloring is equivalent to one of {{u1,us}, {uz}, {us, ur}, {us},

{uﬁ}} or {{ula U4}, {U‘Q}v {U3}, {u5a U7}, {uﬁ}} {{ul,U4,U7}, {U‘Q}v {U3}, {u5}7 {uﬁ}}

Proof We prove only (vi). The rest are easy to prove. Now, v(P;) = fz] = 4. Clearly
Xta(Pr) = 4. We first show that x:q(P7) # 4 Let C be a td-coloring of P; with 4 colors. The ver-
tices ug and u_s = ug must have non-repeated colors. Suppose now that us has a repeated color.
Then {uy, us2,u3} must contain two color classes and C|([4, 7]) must be a td-coloring which will
require at least 3 new colors (by (3)). Hence uz and similarly u_3 must be non-repeated colors.
But, then we require more than 4 colors. Thus x:q(P7) = 5. Let C' be a minimal td-coloring
of P;. Let uy and u_o have colors 1 and 2 respectively. Suppose that both uwz and u_3 are
non-repeated colors. Then, we have the coloring {{u1, us, ur}, {ua}, {us}, {us}, {us}}. If either

ug or u_3 is a repeated color, then the coloring C' can be verified to be equivalent to the coloring
given by {{u1,us}, {ua}, {ua,ur},{us}, {ue}}, or by {{ur,ua}, {uz}, {us}, {us, ur},{us}}. 0O

We next show that n = 8,13, 15, 22 are good integers.

Theorem 2.8 x:q(Pn) = %(Pn) +2 if n =8,13,15,22.

Proof As usual, we always adopt the convention V(P,,) = {u1,u2, ..., Un}; U = Unt1—i
for i > [=]; C denotes a minimum td-coloring of P,.

We have only to prove |C| > v, (P,) + 1. We consider the following four cases.
Casel n=38

Let |C| = 5. Then, as before us, being the only vertex dominated by u; has a non-repeated
color. The same argument is true for u_o also. If now us has a repeated color, {uy,us, us}
contains 2-color classes. As C|([4, 8]) is a td-coloring, we require at least 4 more colors. Hence,
uz and similarly u_s must have non-repeated colors. Thus, there are 4 singleton color classes
and {us}, {us}, {u—2} and {u_3}. The two adjacent vertices uy and u_4 contribute two more
colors. Thus |C| has to be 6.

Case2 n=13

Let |C| = 8 = v (P13) + 1. As before us and u_s are non-repeated colors. Since x;q(Pio) =
742 =09, uz can not be a repeated color, arguing as in case (i). Thus, us and u_3 are also non-

repeated colors. Now, if u; and u_; have different colors, a diagonal of the color classes chosen



Total Dominator Colorings in Paths 93

as {u1,u_1,u2,u_o2,us, u_s,...} form a totally dominating set of cardinality 8 = ~(P13) + 1.
However, clearly u; and u_; can be omitted from this set without affecting total dominating
set giving v¢(P13) < 6, a contradiction. Thus, u; and u_; = w13 have the same color say 1.
Thus, ([4,—4]) = ([4,10]) is colored with 4 colors including the repeated color 1. Now, each of
the pair of vertices {ug4,ug}, {us,ur}, {us,u10} contains a color classes. Thus ug = u_5 must
be colored with 1. Similarly, us. Now, if {u4,ug} is not a color class, the vertex with repeated
color must be colored with 1 which is not possible, since an adjacent vertex us which also has
color 1. Therefore {u4,ug} is a color class. Similarly {us, w10} is also a color class. But then,

u7 will not dominate any color class. Thus |C| = 9.
Case 3 n=15

Let |C| = 9. Arguing as before, us, u_2,u3 and u_3 have non-repeated colors [xtq(Pi2) =
8]; u1 and u_; have the same color, say 1. The section ([4,—4]) = ([4,12]) consisting of 9
vertices is colored by 5 colors including the color 1. An argument similar to the one used in
Case (2), gives ug (and u_4) must have color 1. Thus, C|([5, —5]) is a td-coloring with 4 colors
including 1. Now, the possible minimum td-coloring of P; are given by Theorem 2.7. We can
check that 1 can not occur in any color class in any of the minimum colorings given. e.g.
take the coloring given by {us,us}, {us}, {ur},{ug,u11}, {uio}. If ug has color 1, us can not
dominate a color class. Since uy has color 1, {us,us} can not be color class 1 and so on. Thus
Xtd(P1s) = 10.

Case 4 n=22

Let |C| = v(Pa2) + 1 = 13. We note that xtq(Pio) = v:(Pi9) + 2 = 12. Then, arguing as

in previous cases, we get the following facts.

Fact 1 wg,u_s,us,u_3 have non-repeated colors.
Fact 2 wu; and w_; have the same color, say 1.
Fact 3 w7 is a non-repeated color.

This follows from the facts, otherwise C|([8,22]) will be a td-coloring; The section ([1, 7])
contain 4 color classes which together imply x¢q(Pa2) = 44 xta(P15) = 4+10 = 14. In particular

{us,ur} is not a color class.

Fact 4 The Facts 1 and 2, it follows that C|([4,—4]) = C]([4,19]) is colored with 9 colors
including 1. Since each of the pair {{U4, ug}, {us, ur}, {us, w0}, {ug, w11}, {ura, uia}, {urs, uis},
{u16,u1s}, {u17, u19}} contain a color class, if any of these pairs is not a color class, one of the
vertices must have a non-repeated color and the other colored with 1. From Fact 3, it then
follows that the vertex us must be colored with 1. It follows that {u4, us} must be a color class,
since otherwise either u4 or ug must be colored with 1.

Since {uy,ug} is a color class, u7 must dominate the color class {usg}.
We summarize:
® uo, U3, U7, Ug have non-repeated colors.

o {ug,ug} is a color class
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e u; and us are colored with color 1.
Similarly,

® Uu_o,u_3,u_7,u_g have non-repeated colors.

o {u_4,u_g} is a color class.

e u_1 and u_s are colored with color 1.

Thus the section ([9, —9]) = (]9, 14]) must be colored with 3 colors including 1. This is easily
seen to be not possible, since for instance this will imply both w13 and w14 must be colored with

colorl. Thus, we arrive at a contradiction. Thus y:q(Pe2) = 14. [l

Theorem 2.9 Let n be an integer. Then,
(1) any integer of the form 4k, k > 2 is good;
(2) any integer of the form 4k + 1, k > 3 is good;
(3) any integer of the form 4k + 2, k
(4) any integer of the form 4k + 3, k

> 5 is good;
> 3 is good.

Proof The integers n = 2, 3,6 are very bad and n = 4,5,7,9,10,11, 14, 18 are bad. ]

Remark 2.10 Let C be a minimal td-coloring of G. We call a color class in C', a non-dominated
color class (n-d color class) if it is not dominated by any vertex of G. These color classes are

useful because we can add vertices to these color classes without affecting td-coloring.

Lemma 2.11 Suppose n is a good number and P, has a minimal td-coloring in which there

are two non-dominated color class. Then the same is true for n + 4 also.

Proof Let C1,C5,...,C, be the color classes for P,, where C; and Cy are non-dominated
color classes. Suppose u,, does not have color Cq. Then C1U{up11}, Col{tntalt, {unta}, {tnts},
Cs,Cy, -+, C, are required color classes for P,;4. i.e. we add a section of 4 vertices with mid-
dle vertices having non-repeated colors and end vertices having C and Cy with the coloring
being proper. Further, suppose the minimum coloring for P,, the end vertices have different
colors. Then the same is true for the coloring of P, 4 also. If the vertex u; of P, does not have
the color C5, the new coloring for P, 4 has this property. If u; has color Cs, then u,, does not
have the color Cy. Therefore, we can take the first two color classes of P, y4 as Cy1 U {uy14}
and Co U {unq1}- O

Corollary 2.12 Let n be a good number. Then P, has a minimal td-coloring in which the end
vertices have different colors. [It can be verified that the conclusion of the corollary is true for
all n # 3,4,11 and 18].

Proof We claim that P, has a minimum td-coloring in which: (1)there are two non-

dominated color classes; (2)the end vertices have different colors.
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Now, it follows from the Lemma 2.11 that (1) and (2) are true for every good integer. [

Corollary 2.13 Let n be a good integer. Then, there exists a minimum td-coloring for P, with

two n-d color classes.
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81. Introduction

Graph labeling methods were introduced by Rosa in 1967 or one given by Graham and Sloane
in 1980. For a graph G, the splitting graph S(G) is obtained from G by adding for each vertex
v of G, a new vertex v’ so that v is adjacent to every vertex in G.

Let G be a graph with ¢ edges. A graceful labeling of G is an injection from the set of its
vertices into the set {0,1,2,---¢} such that the values of the edges are all the numbers from
1 to ¢, the value of an edge being the absolute value of the difference between the numbers
attributed to their end vertices.

In 1981 Chang, Hiu and Rogers defined an elegant labeling of a graph G, with p vertices
and ¢ edges as an injective function from the vertices of G to the set {0,1,2,--¢} such that
when each edge zy is assigned by the label f(z) + f(y)(mod (¢ + 1)), the resulting edge labels
are distinct and non zero. Note that the elegant labeling is in contrast to the definition of a
harmonious labeling [1].

Another generalization of harmonious labeling is felicitous labeling. An injective function
f from the vertices of a graph G with ¢ edges to the set {0, 1,2, -- ¢} is called felicitous labeling
if the edge label induced by f(z) + f(y)(mod q) for each edge zy is distinct.

1Received January 30, 2011. Accepted June 24, 2012.
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§2. Degree Splitting Graph DS(G)

Definition 2.1 Let G = (V, E) be a graph with V =51 U S;US3U---S; UT where each S; is
a set of vertices having at least two vertices of the same degree and T =V \ US;. The degree
splitting graph of G denoted by DS(G) is obtained from G by adding vertices wy,wa, ws, -+ , Wy
and joining to each vertex of S; for 1 <i <t.

83. Main Theorems

Theorem 3.1 The DS(By,n) is graceful for n > 2.

Proof Let G = By, be a graph.Let V(G) = {u,v,u;,v; : 1 < i < n} and V(DS(G)) \
V(G) = {w1,w2}. Let E(DS(GQ)) = {ww, uwsy, vws} U {uu;, vv;, wiug, wiv; : 1 <4 < n} and
| E(DS(Q)) |= 4n + 3.

The required vertex labeling f : V(DS(G)) — {0,1,2,---,4n + 3} is as follows:

flw)=1; f(v) = 3; f(wy) = 0; f(wz) =2n + 4; f(u;) = 4n — 2i + 5 and f(v;) = 2i + 2 for
1 <71 <n.

The corresponding edge labels are as follows:

The edge label of wv is 2; wu; is 4n — 2i +4 for 1 < i < njvv; is 20 — 1 for 1 <& < n;wiu,
isdn —2i+ 5 for 1 < i < nywywv; is 20 + 2 for 1 < i < njuwsy is 2n + 3 and vws is 2n + 1.
Hence the induced edge labels of DS(G) are 4n + 3 distinct integers. Hence DS(G) is graceful
for n > 2. O

Theorem 3.2 The DS(P,,) is graceful for n > 4.

Proof Let G = P, be a graph. Let V(G) = {v; : 1 <i < n} and V(DS(G)) \ V(G) =
{wi,we}. Let E(DS(G)) = {wyv1,wiv,} U{wav; : 2<i<n—1}and | E(DS(G)) |=2n— 1.
The required vertex labeling f : V(DS(G) — {0,1,2,---,2n — 1} is as follows:

Case 1 n is odd.

Then f(wi) =n+1; f(wz) =0; f(v;)) =ifor 1 <i<m, iisoddand f(v;) =2n—i+1 for
1<i<n, ¢iseven.

The corresponding edge labels are as follows:

The edge label of wev; is 7 for 3 <¢<n —1and ¢ is odd; wev; is2n —it+ 1 for 1 <i<n
and 17 is even; wyvy is n; wiv, is 1 and v;v;41 is 2n — 24 for 1 <4 < n — 1. Hence the induced
edge labels of DS(G) are 2n — 1 distinct integers. Hence DS(G) for n > 4 is graceful.

Case 2 n is even.

The required vertex labeling is as follows:

flwy) = n+2;f(we) = 0; f(v;) =i for 1 <i < m,iisodd and f(v;) = 2n — i+ 1 for
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1 <4< n,iis even.
The corresponding edge labels are as follows:

The edge label of wov; is i for 3 < i <mn and 7 is odd; wov; is2n —i+1for 1 <i<n-—1
and 7 is even; wyvy is n+1; wyv, is 1 and v;v;41 is 2n— 2 for 1 <4 < n—1. Hence the induced
edge labels of G are 2n — 1 distinct integers. From case (i) and (ii) the DS(P,) for n > 4 is
graceful. g

Theorem 3.3 The graph DS(Kp, ) is graceful.

Proof The proof is divided into two cases following.

Casel m>n.

V(DS(@) \ V(G) = {wr,wz}. Let E(DS(Q)) = {wiu; : 1 < i < mpU{ww; : 1 < j <
n}U{uw; :1<i<m,1<j<n}and|EDS(G))|=mn+m+n.
The required vertex labeling f : V(DS(G)) — {0,1,2,--- ,mn +m + n} is as follows:

Let G = Ky, be a graph. Let V(G) = {u; : 1 <3 < m}U{y; : 1 < j < n} and
)

flup)) =mn+2—-d)+nforl <i<m;flv;) =jforl <j<mn;flw)=0and
flwz) =n+1.

The corresponding edge labels are as follows:

The edge label of wyu; is m(n +2 —i) +n for 1 < i < m;uw; is m(n+2 —14) +n —j for
1<i<m,1<j<nandwywjisn+1—jforl<j<n. Hence the induced edge labels of G
are mn + m + n distinct integers. Hence the graph DS (K, ) is graceful.

Case 2 m=n.

V(DS(G))\V(G) ={unr}. Let E(DS(G)) = {wiws,w1v; : 1 <i <m}U{ww;:1<14,5 <m}
and | E(DS(G)) |= m(m + 2).
The required vertex labeling f : V(DS(G)) — {0,1,2,--- ,m(m + 2)} is as follows:

Let G = Kpn be a graph. Let V(G) = {u,v; : 1 < i < m} and

flwi) =0; f(u;)) =m(m+3) —mi for 1 <i<mand f(v;) =i for 1 <i<m.
The corresponding edge labels are as follows:

The edge label of wyv; is ¢ for 1 < ¢ < mju,v; is m(m +3) —mi —j for 1 <i,5 < m and
wyu; is m(m+3) —mi for 1 < i < m. Hence the induced edge labels of G are m(m+2) distinct
integers. Hence the graph DS(K,, ) is graceful. O

Corollary 3.4 The DS(K,) is Kpt1.
Theorem 3.5 The DS(n(Ky — 3e)I)) is graceful.

Proof Let G = n(K4 — 3e)l be a graph. Let V(G) = {z,y} U{z : 1 < i < n} and
V(DS(G))\ V(G) = {wy,ws}. Let E(DS(G)) = {zws, ywa, xy} U {w1z;, 22,9z : 1 <i < n}
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and | E(DS(G)) |=3n+ 3.
The required vertex labeling f : V(DS(G)) — {0,1,2,---,3n + 3} is as follows:

fl@)=1;f(y) = 2; f(w1) =0; f(we) =4 and f(z;) =3n+6—3ifor 1 <i < n.
The corresponding edge labels are as follows:
The edge label of xy is 1; zws is 3; yws is 2;xz; is 3n+5—3i for 1 <i < m;yz; is3n+4— 3¢

for 1 <i<nand wyz is 3n+ 6 — 3i for 1 < i < n. Hence the induced edge labels of G are
3n + 3 distinct integers. Hence the DS(G) is graceful. O

Theorem 3.6 The DS((n(K4 — 3e)I1(b)) is graceful.

Proof Let G = n(K4 — 3e)II(b) be a graph. Let V(G) = {x,y} U{u;,v; : 1 <i<n}and
V(DS(G))\V(G) = {w1,ws} Let E(DS(G)) = {zwr, 2y} U{wiv;, wiv, yui, wau; : 1 <i < n}
and | E(DS(G)) |=4n+ 2.

The required vertex labeling f : V(DS(G)) — {0,1,2,--- ,4n + 2}is as follows:

fl@) =3n+2;f(y) = 1; f(wr) = 0; f(wz) = 25 f(v;) =3n+2+iforl <i<nand
flu;))=2i+1for1<i<n.

The corresponding edge labels are as follows:

The edge label of wiv; is 3n+2+1i for 1 <i < mjuv; is 3n—i+1 for 1 <i < n;yu; is 2i
for 1 <i < njwou;is 2i — 1 for 1 <i < m;axw; is 3n+ 2 and zy is 3n + 1. Hence the induced
edge labels of G are 4n 4 2 distinct integers. Hence the graph DS(G) is graceful. O

Theorem 3.7 The DS(n(Ky — e)II) is graceful.

Proof Let G = n(K4 — e)II) be a graph. Let V(G) = {z,y} U {u;,v; : 1 <i <
(DS(G)\V(G) = {wi, w2} Let E(DS(G)) = {aws, ywa} U {wiu;, wiv; for 1 < i < n} and
| E(DS(G)) |=6n+ 3.

The required vertex labeling f : V(DS(G)) — {0,1,2,---,6n + 3} is as follows:

f(@) =05 f(y) = 4n+2; f(w1) = 2n+ 2; f(w2) = 4n + 3; f(vi) = 5n+4 — i and f(u;) =
6n+4—iforl1 <i<n.

The corresponding edge labels are as follows:
The edge label of wyu; is 4n+2 — i for 1 < i < njwyv; is dn — 1 — i for 1 < i < n;zws

is 4n + 3;zy is 4n + 2 and yws is 2n. Hence the induced edge labels of G are 6n + 3 distinct
integers. The DS(n(Ky — e)II) is graceful. O

Theorem 3.8 The DS(n(Ky — 2¢)I1(a)) is graceful.

Proof Let G = n(Ky4 — 2e)II(a) be a graph. Let V(G) = {z,y,u;,v; : 1 < i < n} and
V(DS(G))\ V(G) = {wy,wz}. Let E(DS(G)) = {zu;, zy, yu;, zv;, v;wy, u;we : 1 <4 < n} and
| E(DS(G)) |=5n+1.
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The required vertex labeling f : V(DS(G)) — {0,1,2,--- ,5n + 1} is as follows:

flx)=0;f(y) =2n+1; f(w1) =1; f(wz) =n+1; f(v;) =5n+3—2iand f(u;) =3n+2—i
for 1 <i<n.

The corresponding edge labels are as follows:

The edge label of zu; is 3n—i+2for 1 <i < n;zyis2n+1;yu;isn—i+1for 1 <i < n;xv;
isbn+3—2ifor1 <i<mn;vwyisdn+2—2ifor 1 <i<nand u;wyis2n—i+1for1 <i <n.
Hence the induced edge labels of G are 5n + 1 distinct integers. The DS (n(K4 — 2e)I1(a))) is
graceful. g

Theorem 3.9 The DS(C50K, ) is graceful for n > 3.

Proof Let graph G = CgOKLn be a graph. Let V(K7 ,) = {z} U{u;: 1 <i<n} and Cs
be the cycle zyzx. Let V(DS(G))\V(G) = {w1,w2}. Let E(DS(Q)) = {aws, ywa, 2y, yz, z2}U
{wiu, zu; : 1 <i<n}land | E(DS(G)) | = 2n +5.

The required vertex labeling f : V(DS(G)) — {0,1,2,---,2n + 5} is as follows:

flwr) =1; f(we) = 2; f(x) = 4; f(y) = 5 f(2) = 0 and f(u;) =2i +5 for 1 <i <n.

The corresponding edge labels are as follows:

The edge label of xy is 1; zws is 2;yws is 3;xz is 4;yz is 5; zu; is 20 + 5 for 1 < i < n and
wiu; is 26 + 4 for 1 < i < n. Hence the induced edge labels of G are 2n + 5 distinct integers.
Hence the DS(G) is graceful for n > 3. O

Theorem 3.10 The DS(C30K) ) is felicitous when n > 3.

Proof Let G = C3OAK1,n be a graph. Let V(K1) = {z}U{u; : 1 <i < n} and Cs be
the cycle zyzz. Let V(DS(G)) \ V(G) = {w1,w2}. Let E(DS(GQ)) = {zxws, ywa, xy,yz, za} U
{wius, zu; : 1 <i<n}and | E(DS(G)) |=2n+5.

The required vertex labeling f : V(DS(G)) — {0,1,2,---,2n + 5} is as follows:

flw) =mn; flwa) =2n+2; f(x) =2n+3; f(y) =2n+4; f(z) =2n+ 5 and f(u;) =i —1
for 1 <i<n.

The corresponding edge labels are as follows:

The labels of the edges zy is (4n + 7)(mod 2n + 5); zws is (4n 4 5)(mod 2n + 5); yws is
(4n+ 6)(mod 2n + 5);xz is (4n+ 8)(mod 2n + 5);yz is (4n + 9)(mod 2n + 5); zu; is i — 1 for
1<i<mnand wyu; isn+i—1for 1 <i < n. Hence the induced edge labels of G are 2n + 5
distinct integers. Hence the DS(C30K] ,) is a felicitous for n > 3. O

Theorem 3.11 The DS(CgOKl)n is elegant for n > 3.

Proof Let G = C3OAK1,n be a graph. Let V(K1) = {z}U{u; : 1 <i < n} and Cs be
the cycle zyzz and V(DS(G)) \ V(G) = {w1,w2}. Let E(DS(G)) = {axws, yws, 2y, yz, z2:} U
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{wius, zu; : 1 <i <n}and | E(DS(G) |=2n+5.

The required vertex labeling f : V(DS(G)) — {0,1,2,---,2n + 5} is as follows:

fwi) =n+2; f(w) =2n+4; f(x) =n+3; f(y) = 0; f(2) = 2n+5 and f(u;) =i+ 1; for
1<i<n.

The corresponding edge labels are as follows:

The edge labels of zy is (n 4 3); zws is (3n + 7)(mod 2n + 6); yws is (2n + 4)(mod 2n + 6);
xz is (3n + 8)(mod 2n + 6); yz is (2n + 5)(mod 2n + 6); zu; is (2n + 6 + i)(mod 2n + 6) for
1<i<mn;wu;is (n+34+1i)(mod2n+6) forl<i<n. Hence the induced edge labels of G
are 2n + 5 distinct integers. Hence the DS(G) is elegant for n > 3. O

Theorem 3.12 The DS(Kas,,) is felicitous for n > 3.

Proof Let G = (K3 ,,) be a graph. Let V(G) = {v1,v2}U{u; : 1 <i<n}and V(DS(G))\
V(G) = {wy,wa}. Let E(DS(G)) = {wavy,wave} U{wiu; : 1 < i < n}and | E(DS(G)) |=
3n + 2.

The required vertex labeling f : V(DS(G)) — {0,1,2,---,3n + 2} is as follows:

flu))=3n+5-3ifor 1 <i<m;f(v1)=0;f(v2) =3n+1; f(w) =1and f(ws) = 3.

The corresponding edge labels are as follows:

The edge label of wyu; is (3n + 6 — 3i)(mod 3n 4 2) forl < i < nju;vp is (Bn+5—
3i)(mod 3n +2) for 1 < i < njuve is (6n+ 6 — 3i)(mod 3n + 2) for 1 < i < njwqv; is 3 and
wovy is 3n + 4(mod 3n + 2). Hence the induced edge labels of G are 3n + 2 distinct integers.
Hence DS(K3,,) is felicitous for n > 3. O

Theorem 3.13 The DS(Ks,,) is elegant for n > 3.

Proof Let G = (Ka2,,) be a graph, LetV(G) = {v1,v2} U{u; : 1 <i <n} and V(DS(Q)) \
V(G) = {wy,w2}. Let E(DS(G)) = {wavy,wava} U{wiu; : 1 < i < n} and | E(DS(Q)) |=
3n + 2.

The required vertex labeling f : V(DS(G)) — {0,1,2,---,3n + 2} is as follows:
flu))=3n+5—-3ifor 1 <i<n;f(v1)=0;f(v2) =3n+1; f(w) =2 and f(wy) = 4.
The corresponding edge labels are as follows:

The edge label of wyu; is (3n + 7 — 3i)(mod 3n + 3) for 1 < ¢ < njuv; is Bn+5 —
3i)(mod 3n + 3) for 1 < i < n; wvg is (6n 4+ 6 — 3i)(mod 3n + 3) for 1 < i < njwovy is 4 and
wavs is 3n 4+ 5 (mod 3n + 3) . Hence the induced edge labels of G are 3n + 2 distinct integers
.The DS(G) is elegant for n > 3. O
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Abstract: A distance two labeling of a graph G is a function f from the vertex set V(G) to
the set of all nonnegative integers such that |f(z)—f(y)| > 2ifd(z,y) = 1 and |f(z)—f(y)| >
1if d(x,y) = 2. The L(2, 1)-labeling number A(G) of G is the smallest number k such that
G has an L(2,1)-labeling with max{f(v) : v € V(G)} = k. Here we introduce a new graph

family called generalized cactus and investigate the A-number for the same.
Key Words: Channel assignment, interference, distance two labeling, block, cactus.

AMS(2010): 05C78

§1. Introduction

In a communication network, the main task is to assign a channel (non negative integer) to
each TV or radio transmitters located at different places such that communication do not
interfere. This problem is known as channel assignment problem which was introduced by Hale
[4]. Usually, the interference between two transmitters is closely related with the geographic
location of the transmitters. If we consider two level interference namely major and minor
then two transmitters are very close if the interference is major while close if the interference
is minor. Robert [7] proposed a variation of the channel assignment problem in which close
transmitters must receive different channels and very close transmitters must receive channels
that are at two apart.

In a graph model of this problem, the transmitters are represented by the vertices of a
graph; two vertices are very close if they are adjacent and close if they are at distance two
apart in the graph. Motivated through this problem Griggs and Yeh [3] introduced L(2,1)-

labeling which is defined as follows:

Definition 1.1 A distance two labeling (or L(2,1)-labeling) of a graph G = (V(G), E(G)) is a
function f from vertex set V(G) to the set of all nonnegative integers such that the following

conditions are satisfied:

1Received March 14, 2012. Accepted June 25, 2012.
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(D) [f(z) = f(y)] > 2 if d(z,y) = 1;
(2) [f(z) = f(y)| = 1 if d(z,y) = 2.

The span of f is defined as max{| f(u) — f(v) |: u,v € V(G)}. The A-number for a graph
G, denoted by A(G) which is the minimum span of a distance two labeling for G. The L(2,1)-
labeling is studied in the past two decades by many researchers like Yeh [14]-[15], Georges and
Mauro [2], Sakai [8], Chang and Kuo [1], Kuo and Yan [5], Lu et al. [6], Shao and Yeh [9],
Wang [12], Vaidya et al. [10] and by Vaidya and Bantva [11].

We begin with finite, connected and undirected graph G = (V(G), E(G)) without loops
and multiple edges. For the graph G, A denotes the maximum degree of the graph and N(v)
denotes the neighborhood of v. Also in the discussion of distance two labeling [0, k] denotes
the set of integers {0,1,--- ,k}. For all other standard terminology and notations we refer to

West [13]. Now we will state some existing results for ready reference.

Proposition 1.2([1]) AN(H) < XG), for any subgraph H of a graph G.
Proposition 1.3([14]) The A-number of a star K1 a is A+1, where A is the mazimum degree.

Proposition 1.4([1]) If A(G) = A+ 1 then f(v) =0 or A+ 1 for any MG)-L(2,1)-labeling
f and any vertex v of maximum degree A. In this case, N[v] contains at most two vertices of
degree A, for any vertex v € V(G).

82. Main Results

The problem of labeling of trees with a condition at distance two remained the focus of many
research papers as its A-number depends upon the maximum degree of a vertex. In [3], Griggs
and Yeh proved that the A-number of any tree T with maximum degree A is either A+1 or A+2.
They obtained the A-number by first-fit greedy algorithm. Later, trees are classified according
to their A-numbers. The trees with A-number A + 1 are classified as class one otherwise they
are of class two. Earlier it was conjectured that the classification problem is NP-complete but
Chang and Kuo [1] presented a polynomial time classification algorithm. But even today the
classification of trees of class two is an open problem. Motivated through this problem, we
present here a graph family which is not a tree but its A-number is either A + 1 or A + 2 and
it is a super graph of tree.

A block of a graph G is a maximal connected subgraph of G that has no cut-vertex. An
n-complete cactus is a simple graph whose all the blocks are isomorphic to K,. We denote it
by C(K,). An n-complete k-regular cactus is an n-complete cactus in which each cut vertex is
exactly in k blocks. We denote it by C(K,(k)). The block which contains only one cut vertex
is called leaf block and that cut vertex is known as leaf block cut vertex. We illustrate the

definition by means of following example.

Example 2.1 A 3-complete cactus C(K3) and 3-complete 3-reqular cactus are shown in Fig.1

and Fig.2 respectively.
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Fig.1

Fig.2

Theorem 2.2 Let C(K,(k)) be an n-complete k-regular cactus with mazimum degree A and
k> 3. Then \(C(K,(k))) is either A+ 1 or A+ 2.

Proof Let C(K,(k)) be an n-complete k-regular cactus with maximum degree A. The star
K1 A is a subgraph of C'(K,(k)) and hence A(C(K,(k))) > A+ 1.
For upper bound, we apply the following Algorithm:

Algorithm 2.3 The L(2,1)-labeling of given n-complete k-regular cactus.

Input An n-complete k-regular cactus graph with maximum degree A.

Idea Identify the vertices which are at distance one and two apart.

Initialization Let vy be the vertex of degree A. Label the vertex vy by 0 and take S =

{vo}.
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Iteration Define f : V(G) — {0,1,2,...} as follows.

Step 1 Find N(vg). If N(vg) = {v1, v2 ,..., va} then partition N(vg) into k sets Vi, Va, ...
,Vi such that for each i = 1,2,....k the graph induced by V; U {vo} forms a complete subgraph
of C(K,(k)). The definition of C'(K,(k)) itself confirms the existence of such partition with
the characteristic that for i # j, u € V;, v € Vj, d(u,v) = 2.

Step 2 Choose a vertex v; € N(vg) and define f(v;) = 2. Find a vertex v € N(vg) such
that d(vy,v2) = 2 and define f(v2) = 3. Continue this process until all the vertices of N (vg)
are labeled. Take S = {vo} U {v € V(G)/f(v) is a label of v}.

Step 3 For f(v;) = i. Find N(v;) and define f(v) = the smallest number from the set
{0,1,2,---} = {i — 1,4,i + 1}, where v € N(v;) — S such that |f(u) — f(v)| > 2 if d(u,v) =1
and |f(u) — f(v)| > 1 if d(u,v) = 2. Denote S U {v € V(GQ)/f(v) is a label of v} = S*.

Step 4 Continue this recursive process till S™ = V(G), where S = S"~! U{v € V(G)/f(v)

is a label of v}.

Output max{f(v)/v e V(G)} = A+ 2.
Hence, A\(C(K,(k))) < A+ 2.Thus, \(C(K,,(k))) is either A+ 1 or A+ 2. O

Example 2.4 In Fig.3, the L(2,1)-labeling of 3-complete 3-regular cactus C(K3(3)) is shown
for which A(C(K3(3))) = A+2=28.

Griggs and Yeh [3] have proved that:

(1) A(Py) = 2

(2) M(P3) = A(Py) = 3, and (3) A\(P,) = 4, for n > 5. This can be verified by Proposition
1.4 and using our Algorithm 2.3. In fact, any path P, is 2-complete 2-regular cactus C(K2(2)).
Thus a single Algorithm will work to determine the A-number of path P,. Using Algorithm 2.3
the L(2,1)-labeling of Ps, P3, Py and Ps is demonstrated in Fig.4.
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0 2 2 0 3 1
P, Py
2 0 3 2 0 3 1 4
Ps Ps
Fig.4

Theorem 2.5 Let C(K,) be an n-complete cactus with at least one cut vertex which belongs
to at least three blocks. Then A(C(K,,)) is either A+1 or A+ 2.

Proof Let C(K,) be the arbitrary an n-complete cactus with maximum degree A. The
graph Kj a is a subgraph of C'(K,,) and hence by Propositions 1.2 and 1.3 A(C'(K,,)) > A+ 1.
Moreover C(K,,) is a subgraph of C'(K,(k)) (where k is ﬁ) and hence by Proposition 1.2 and
Theorem 2.2, A(C(K,)) < A + 2. Thus, we proved that A(C(K,)) is either A+ 1 or A +2.0

Now as a corollary of above result it is easy to show that the A-number of any tree with
maximum degree A is either A + 1 or A + 2. We also present some other graph families as a

particular case of above graph families whose A-number is either A 4+ 1 or A + 2.

Corollary 2.6 Let T be a tree with maximum degree A > 2. Then A\(T) is either A + 1 or
A+ 2.

Proof Let T be a tree with maximum degree A > 2. If A = 2 then 7T is a path and
problem is settled. But if A > 2 then A(T)) > A + 1 as K; a is a subgraph of 7. The upper
bound of A-number is A + 2 according to Theorem 2.5 as any tree T' is a 2-complete cactus
C(K3). Thus, we proved that A\(T) is either A +1 or A + 2. O

Example 2.7 In Fig.5, the L(2, 1)-labeling of tree T is shown which is 2-complete cactus C(K3)
with maximum degree A = 3 for which A(T') = A(C(K3)) = A+2 =15,

Fig.5
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Corollary 2.8 A(K1,) =n+ 1.

Proof The star K1, is a 2-complete n-regular cactus. Then by Theorem 2.2, A(K1 ,,) =
n+ 1. O

Corollary 2.9 For the Friendship graph F,,, A(F,,) = 2n+ 1.

Proof The Friendship graph F,, is a 3-complete 2n-regular cactus. Then by Theorem 2.2,
AF,) =2n+1. O

Example 2.10 In Fig.6 and Fig.7, the L(2, 1)-labeling of star K3 4 and Friendship graph Fj

are shown for which A-number is 5 and 9 respectively.

3 2

Fig.6

Fig.7

83. Concluding Remarks

We have achieved the A-number of an n-complete k-regular cactus. The A-numbers of some
standard graphs determined earlier by Griggs and Yeh [3] can be obtained as particular cases

of our results which is the salient feature of our investigations.
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As far as the laws of mathematics refer to reality, they are not certain; and
as far as they are certain, they do not refer to reality.

By Albert Einstein, an American theoretical physicist..
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